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1 (a) An object has acceleration a(t) = 10− 3
√
t metres/second2 at time t.

The initial velocity at time t = 0 is v = 15 metres/second. How far
does it travel in the first 5 seconds? 3%

(b) Consider the plane region bounded by the curves y = x2 and y = x.
Find the volume of each of the two solids obtained by rotating this
plane region (i) about the x-axis; (ii) about the y-axis. 5%

(c) Obtain an iterative reduction formula for In =

∫ e

1

(lnx)n dx. (Hint:

integrate by parts.) Evaluate I0. Then, using the reduction formula
obtained, evaluate I1, I2 and I3. 4%

(d) Find all first and second partial derivatives of f(x, y) = sin(x3 − y). 4%

(e) Write down the iterative scheme of the Improved Euler method applied
to the initial value problem y′ =

√
x+ y2, y(0) = 2 with step size

h = 0.2. Evaluate the approximations of y(0.2) and y(0.4) obtained
using this scheme. 5%

(f) Solve the differential equation (x + 1)
dy

dx
+ y = 2x − 1, subject to

the initial condition y(0) = 3. 4%

(g) Evaluate the determinants

∣∣∣∣∣∣∣
4 −1 −2

1 −7 2

0 3 −1

∣∣∣∣∣∣∣ and

∣∣∣∣∣∣∣∣∣
4 −1 −1 −2

1 −7 1 2

0 0 6 0

0 3 7 −1

∣∣∣∣∣∣∣∣∣ . 5%

(Hint: use the first determinant to evaluate the second.)

(h) To obtain an error estimate for the Rectangular Rule of numerical
integration for any differentiable function f(x), it is helpful to note
that

∫ x1

x0
f(x) dx − y0 h = −

∫ x1

x0
(x − x1)f

′(x) dx, with the notation
y0 = f(x0) and h = x1 − x0. Prove this. (Hint: integrate by parts.) 4%
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2 (a) A wineglass is designed by rotating y = 1− cos
(
πx
3

)
, for 0 ≤ x ≤ 1,

about the y-axis. Find the volume of the glass. (Hint: use cylindrical
shells.) 7%

(b) A particle moving on the plane in a cycloid has, for t ≥ 0, position
vector r(t) = (t − sin t) i + (1 − cos t) j. Find the arc-length along
the curve (distance travelled) between t = 0 and t = π. 5%

(c) Find the mass and the centre of mass of a rod with mass density

ρ(x) =
1

x2 + 4
for 0 ≤ x ≤ 6. 6%
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3 (a) Find general solutions of the given differential equations: 3%+3%
(i) y′′ − 3y′ + 2y = 0, (ii) 4y′′ − 4y′ + y = 0.

(b) Find a particular solution to the given differential equation: 6%+2%
4y′′ − 4y′ + y = 5− 2 ex/2 .

Then find the general solution of this equation.

(c) Solve the equation in (b) when y(0) = 1, y′(0) = −3. 4%

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

4 (a) Find the Taylor Series, up to and including quadratic terms, 8%

of z = f(x, y) = (x− y2)5/2 about the point (5, 1).

(b) It is known that the quantities y and x are related by the formula
y = k xα, for some unknown constants k and α. By writing this as
ln y = α lnx + ln k, one can use the method of least squares to find
the best-fit line relating ln y to lnx and hence find an approximation
of the constants k and α. For the given data points

(x, y) = (1, 25), (2, 15), (3, 4), (4, 1), (5, 2),

use this method to find an approximation of the constants k and α. 10%

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

5 (a) Find all solutions of each system of linear equations: 3%+4%

(i)
x − 11y + 3z = 5

−x + 10y − 2z = −9

−x + 12y − 3z = −15

; (ii)

x − 11y + 3z = 5

−x + 10y − 2z = −9

x + y − 9z = 53

2x − 9y − 7z = 62

.

(b) Find the inverse of the matrix 11%
1 −3 0 −4

−3 8 1 7

2 −4 −3 −1

1 −1 −2 5

 .
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