
MA4002 Final Exam Answers, Spring 2005

1.(a) v = 40− 10e−0.1t. s = (40t + 100e−0.1t)
∣∣∣
20

0
= 700 + 100e−2 ≈ 713.53.

(b) 4 · 31/4.

(c) The cross-sectional area: π(e−x)2 = πe−2x. V = π

∫ 4

0
e−2x dx =

π

2
(1− e−8) ≈ 1.57.

(d) Reduction formula: In = x(lnx)n|e2

1 −nIn−1 = 2ne2 − nIn−1.

I0 =
∫ e2

1
1 dx = e2−1; I1 = 2e2−I0 = e2+1; I2 = 4e2−2I1 = 2e2−2; I3 = 8e2−3I2 = 2e2+6.

(e) fx = y cos(xy), fy = x cos(xy), fxx = −y2 sin(xy), fyy = −x2 sin(xy), fxy = cos(xy)−xy sin(xy).

(f) xn = 0.2n. Start with y0 = 1. yn+1 = yn − 0.1(xnyn + xn+1y
?
n+1), where y?

n+1 = yn − 0.2xnyn.

y?
1 = 1− 0.2(0× 1) = 1, y(0.2) ≈ y1 = 1− 0.1(0× 1 + 0.2× 1) = 0.98.

y?
2 = 0.98−0.2(0.2×0.98) = 0.9408, y(0.4) ≈ y2 = 0.98−0.1(0.2×0.98+0.4×0.9408) = 0.922768.

(g) Integrating factor: σ = exp{∫ 5
xdx} = x5. Then (x5y)′ = 5x5 and y = 5x

6 + C
x5 . By y(1) = 1 we

have C = 1
6 and y = 5x

6 + 1
6x5 .

(h) 31.

2.(a) Area:
∫ 2

0
2x ln(1 + x2) dx = (1 + x2) ln(1 + x2)− (1 + x2)

∣∣∣
2

0
= 5 ln 5− 4 ≈ 4.047.

(b) Cylindrical shell area: 2πxe−x. V = 2π

∫ 8

0
xe−x dx = −2π(1 + x)e−x

∣∣∣
8

0
= 2π(1− 9e−8) ≈ 6.264.

(c) y′(x) = − 2x

1− x2
.

√
1 + y′2 =

1 + x2

1− x2
.

Arc-length: s =
∫ 1/2

0

[
−1 +

2
1− x2

]
dx = −x + ln(1 + x)− ln(1− x)

∣∣∣
1/2

0
= −1

2
+ ln 3 ≈ 0.5986.

(d) ρ =
1

5(3− x)
+

1
5(x + 2)

, while xρ =
3

5(3− x)
− 2

5(x + 2)
. Center of mass: x̄ = M/m = 0.5.

Mass: m =
∫ 1

0
ρ dx = (2/5)(ln 3−ln 2) ≈ 0.162. Moment: M =

∫ 1

0
xρ dx = (1/5)(ln 3−ln 2) ≈ 0.081.

3.(a) (i) y = C1e
x + C2e

−6x. (ii) y = e−x(C1 sinx + C2 cosx).

(b) Particular solution: yp = (−12x−1)e−2x. General solution: y = (−12x−1)e−2x+C1e
x+C2e

−6x.

(c) y = (−12x− 1)e−2x + 4ex − e−6x.

4.(a) Answer: f(x, y) ≈ 2 + 3(x− 1) + 3(y − 1) + 2(x− 1)2 + 6(x− 1)(y − 1) + 2(y − 1)2.

fx = [1 + (x + y) y ]exy−1, fxx = [2y + (x + y)y2]exy−1,

fy = [1 + (x + y) x ]exy−1, fxy = [2x + 2y + (x + y)xy ]exy−1, fyy = [2x + (x + y)x2]exy−1.

(b) n = 5,
5∑

k=1

xk = 10,
5∑

k=1

x2
k = 50,

5∑

k=1

yk = 8,
5∑

k=1

xkyk = 28.

a =
n · 28− 10 · 8
n · 50− 102

= 0.4, b =
8− a · 10

n
= 0.8. Answer: y = 0.4x + 0.8.

5.(a) AAT =


 25 −3

−3 23


.

(b) (i) x = [1, −4, 9]T . (ii) From


 1 0 13 118

0 1 4 32


 obtain x = [118− 13t, 32− 4t, t]T .

(c) A−1 =




78 −31 −8

97 −39 −10

10 −4 −1


.


