Lecture 9 §9.1 Iterative Reduction Formulas

@ Example: We want to evaluate an integral with a parameter

ne{0,1,2---}, e.g., ln:Jx”ede.

u=x" N du = nx""1dx
adv = eXdx v =¢e

Integrate by parts using:

Ih=uv—[vdu=x"e—n [x" e dx :>‘ In=x"€"—nly_4 ‘(n} 1).
| S S—

—In—1

For example, [x*eXdx =1, = x*eX—41
= xteX—4(xPeX -3 ) = x*eX —4ax3eX +12(x?eX - 21)
= x*eX —4x3eX +12x2eX —24(x'eX —11y).
Here Ip = [x"eX dx = [eXdx = e¥ + C.
= [x*e¥dx= (x*—4x3+12x2 —24x +24) e + C'. O
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7T/2
@ Example: Find an iterative reduction formula for | /, = J cos" x dx |.

0
b = 7T/21 dx =7, /1:fg/2COSX-dX:sinX’g/2:1.
/2
Now assume: n > 2 and focus on /,, —J cos™ x cos x dx
¢ T
=u =av
Use: Y= cos" x N du = (n—1)cos"2x - (—sin x)dx
=  dv =cosxdx V =sinXx
I,,_uv\ﬂ/2 g/zvdu

. 2 . .
= cos" 1x - sin X‘g/ — g/zsmx- (n—1)cos"2x - (—sin x) dx

Note: sin0 =0, cos 5 =0
—(0—0)+ (n—1) [§/? sin®x -cos"2x - dx
(1—cos? x)

=(n— 1)( /2 cos™2x dx — [T/ %cos" x dx) = (n—1) (2 — In).



Sowegot: Ip=(n—1)(l,_o—1Iy) forn>2,

/2
= nl,,:(n—1)l,,_2:>J cos" xax = I = (1) [, 5| forn>2. O

n
0
E.g.,
/2 5 . i o . s .
Jo cos'xdx=lh=5l=5 3h=53"1=1s
e 6 5 5 3 5 3 1 5 3 1 5
== = = — — T 7T
Jo cos®xdx=l=32l=2-3hb=2-33b=3-32-3=33
In general,
Ly —2k1 268 2k5 5.3 1 n_ (PKIm
2k = "2k "2k—2 "2k—4 "6 42 2 = (K12 22k+1
2 gk
by = 2 2k2 2ka 4 2 q_ (K)74T
ki1 = 2kiT " 2k—1 26875731 T (o L q)1°
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§9.2 Inverse Trigonometric Substitutions

What is an inverse substitution?—So far, a substitution was defined as
a function of x: u = u(x) with du = u’(x) dx. Now, consider an inverse

substitutionm SO be( \d Jx_b
X X =

f(g(u)) g'(u) du.

a x=a \—Z’;—/
Integral involves | Inverse Trigonometric Substitution Note
(1) Sin substitution
a2 — x2 X =asin® 0 =sin 1%
(2) Tangent substitution
Va2 + x2 X = atan® 0 =tan 1%
(3)* Secant substitution
X2 — g2 X =aseco 0 =sec X
(Here a > 0!)

Remark:
these substitutions are worth trying, but there is no guarantee!



Motivation for the 3 substitutions:

Q@ /22— x2=+/a2—a2sin°0=acos 0, whereb e —Z. 51,
dx = acos 0 - do.
Q@ Va2 +x2=Va+aPtan?0 =asec 0, wherebe (—%,7%),

dx = asec?0 - do.

© Be more careful!

atan0 forx>a, 0€[0, %)
2 2 /A2 ee?0 22 — _ 2
Vx2 — a2 =/a?sec?0 — a {—atane forx <—a, 0¢€(% m,

dx =d(asec ) = asec 0 tan 0 - d6.



Examples:

ol—fmi x=+5sin0, dx=+5cos0do,

(5—x2)3/2 = (5 —-55in?0)3/2 = (/5 cos 0)3,

_ \/5c059d9 a1 _ 1sin®
= 1= f V/5 cos )3 5c0529_5tane+c\_,./5cose+c

Don’t forget to return to
the original variable x!

—65 __4+C={25+C

) | -
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@ Find the area enclosed between x° + y® = a° and x = b to the
right of x = b (with 0 < b < a).

a
A=A+ A =2A; :ZJ Va2 — x2dx,
b

X = asin 0,
dx =acos 0d8, Va2 — x2=acos 0,

X=a

N~ x=b
%(1+cos(26]) smqé sin 0-cos 0—% \/T— (X2
a a

= (a2 sin_1§ +xva?— X2) ‘iii
=asin" 11— & sin*1g — bva? — b?
=a?% —asin 2 —bva? — b2, O

Note: for b = awe get A =0, while b =0 yields A= azg (as expected!)

X=a
A:2J & cos?0 do = (0 _+ 5 sin(20))



Q /=[x X =2tan0 = dx = 2sec?0 do,

VA4 + x2 = /4 + 4tan20 = V4 sec?0 = 2 secO.

_ [ 2sec?0dO __ .
= 1= 2secO —fsecede—|n|‘SeCQ—}-tan6|-}-C
X
=v1+tan? 0= 1+% 2

= In[ Y42 4 X 4 C=In(V4+x2+x) + C',

>0

(where we used In|g[=1Inlal—In2 so C'=C—In2). O



Q l_jTag, where x > a> 0:

X=asecOb = dx=asecH tan0do,

Vx2 — a2 = \/a?(sec20 — 1) = +atan@.
—_———

<= x=a>0

_ 0tan0do _ 1 1 R
= =] &scoitane) = 2) d0=530+C=;sec'2+C

for x > a>0. O

EX: solve this for x < —a < 0.



§9.3 Completing the Square

If an integral involves a quadratic expression:

@ tbxicl=a(@itxrg=a (Cr2hxt (B)) o

—(x+£)*—completing the square!

2 .
:(X+%) — %+c = substituion |u=x+ 2 |..

constant!



Examples

o l:‘f\/Zg):ﬂ:

2X — X2 =—(x2—2x)=—(x*—2x+1)+1=1—(x—1)3,

=u=x—1,du=dx, 2x— x> =1—1°,

Now I:f\/ffiuz:sinqu+C:sin*1(x—1)—|—C. g




e/:j ax

x2++2x+10

x> +2x+10=(x2+2x+1)—1+10=(x+1)2+9
——

=u=x+1, du=dx, xX2+2x+10=0?+9,

Now I:fufig:%tan*1%+C:%tan*1%+C. O



§9.4 Other Substitutions

Integral involves:

Substitution worth trying:

vax+b

ax+b=u? = dx=2udu

cos 0 and/or sin©

X:tang = sinf = -2

T cosO =

1—x2
1-+x2
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Lecture 10 Integrals of Rational Functions

dex’ where P(x) and Q(x) are polynomials.

Here g((j‘(g is called a rational function.

Lecture 10 Integrals of Rational Functions 1/10



§10.1 Linear Denominator

If Q(x) =ax+b = Substitution

x2+3

=2x —1
2X_1dx = u X

Example: J

= x=451 dx=1ldu, x2+3=(41)%+3=1(2+2u+13)
| = [Uir2u18 dgy — 1 f(ut2413)du = I(JuP+2u+13Inju)) +C

(2x —1)2+2(2x — 1) +13In[2x —1[) + C

N[—

-3

=1 (4x2—4x+1)+4x—2=2x2+2x—3

n

+
Blx

X~
4

— 3 Binex—1+C=%5+%+Bm2x-1+C. O

Lecture 10 Integrals of Rational Functions 2/10



§10.2 Quadratic Denominators

Consider Q(x) = ax® + bx + ¢

Step 0: Let P(x) be an nth degree polynomial.
If n>2 = use long division to rewrite:

P AxiB
o = B+ 20

easy to integrate! go focus on this!

Step 1: Complete the square!
Q(x) :ax2+bx+c_a(x+ 23) +c—E
Substitute: u = x + 2a to get (for some constant «,  and y):
I Zé’:f du=of gz + B Py

Step 2: Use elementary integrals (from the log tables) such as
[ Zdx =3 Inlx® +y|+ C (with y ;é 0);
Ixzf(a?_ tan71X+C J‘Xz Z = 2a |n|x+a\+C (with a > 0);

ax _ —
Also J‘7—|n|X|+C, J‘?——;—FC




Examples:
Q@ [ Xt dx: Step1: x2—5x +6=(x—3)°—

X2—5x-+6

A=

—x2—23 x&(3)°
2 = du=dx; x+4=(u+3)+4

= U:X—é
13 du
+?Iu2_(%)2'

13
= I:jZ:_Z%du:

Step2: /=31Inju2—1 [+ In‘ \+C
— R/—’

x275x+6:(x73) (xf )

—
=In |x—38]+In |x—2| In|x—3|—In|x—2]

Lecture 10 Integrals of Rational Functions

In[(x —=3)(x—2)| + 1 In|%=

|\>\—~

X3 +C=7In|x—3/—6Inlx —2|+ C.
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Q [ X dx:

X2—4x+4

Step1: x°—4x+4=(x—2)?
= U=x—2 = du=dx, x=u+2

= I=[ W gy = [duygpdy

: 3
Step 2: I=Inlu—3+C=Inlx—2 -3 +C. 0

X

Lecture 10 Integrals of Rational Functions 5/10



x3+3x2
o f Xx2+1

Step 0
2 X+3
XA | x533—i—3x2
X + X 313x2 _3
3x2 — x So XngJrf =X+3+3 x2+1
3x? +3
—x—3
Step 1:  no need to use any substitutions,
I=[(x+3)dx— [ F7dx—3[ 5.
Step2: /= (% +3x)—1In(x®2+1)—3tan"'x+ C. 0

Lecture 10 Integrals of Rational Functions 6/10



Q [t dx:

X2 7x 12 -7
e X2+ 7x+12 X
\xg , + 1
X 7x 12x
Step 0: i i

—7x2 —12x + 1
—7x% — 49x — 84

37x 1 85

37x+85 2 37x+85 *
So /:f(X—7+#M)dX:%—7X+IﬁMdX ()
Step1:  x2+7x+12=(x+1)*—]

= u=x+% du=adx,

2 1

37x+85:37(u—g)+85:37u—%
37x+85 37u

fx2+§;+12dx f

89 du
2 (37

;
. — 37 2_1,_8 U=z
Step2: =5 In| u"—7 | zln‘qu%‘—i-C
X2+ 7x+12=(x+3) (x+4)

Xx+3
x+4

=3 (Inlx+3/+Inlx+4|) -8 (In]x + 3 —In|x +4|) + C;
Now simplify and substitute in (*) to get /  (Ex).

Lecture 10 Integrals of Rational Functions

7/10



§10.3 General Method: The Method of Partial
Fractions

Step0: If m>n = use long division to rewrite:
Pm(x) __ Th1(x)
Qnlx) Alx) + o)
. N——

easy to integrate! g focus on this!

Now the problem is reduced to the case [m < n|!

Step 1: Find a partial fraction representation of Pm ) as a sum of

terms of type:
YPE: A and [ AUE - (where k: 1,2,..-)

Step 2: Integrate each partial fraction:

d : .
[325 =hix—a+C [ %% = gopeaer + C (k> 1);
Also use integrals from §10.2, Step 2; may need to use other

elementary integrals...

Lecture 10 Integrals of Rational Functions 8/10




§10.4 Partial Fractions, Case 1: Q, has n distinct real
roots ai, a», ---, an

Hence, \Qn(x) =(x—ay)(x—as) - (x— an)‘

Then Step 1 is

P A A An i
Qn((j(()):x—1a1+x—2az+.”+x_73" (with m < n)

Here the constants Aq, As - - - A, are to be computed as follows:

@ multiply by (x — a1)(x — az) - - - (x — an);

@ successivelysetx =ay, x=ap, -+, X = an.

Lecture 10 Integrals of Rational Functions 9/10



Example: /= [ %*2dx

(x+2)

. ; +2 (B —x)+
Step 0: Use division X = e

= l:x+f;‘3+2xdx

Step 1: x3 — x = x(x° —

Do a partial fraction decomposition:

@ Multiply by x(x —
X+2=A(x—

— X+2
1+ x3—x

X+2

x3—x

_A B
=xTxa T

c

X1 |

Nx+1)=x3—x:
1)(x+1)+Bx(x+ 1)+ Cx(x —

@ Setx=0 = 2=A(-1)(1)+0+0 = A=-2;

°@Setx=1 = 3=0+B(1)(2)+0 = B=3;

@Setx=-1 = 1=04+0+C(—1)(-2) =

Finally, )?gti:_TQ"‘g%"‘zxﬂ

Step2: 1=x 2% 138+ 11
=x—2In[x|+ 3Inlx =1+ L In|x + 1]+ C.

Lecture 10 Integrals of Rational Functions

N[—

1) =x(x—1)(x+1) = 3realroots: 0, 1, —1.
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Lecture 11 §11.1 Partial Fractions, Case 2: Q, has
multiple real roots

Recall: if a is a root of Q(x) of multiplicity k, then| (x — ay)¥ |is a
factor of Q,(x)= include k terms in the Partial Fraction Decomposition
A A
Examples: = e + Tt AR
Q /=[5t
Step 1: Q(x) = x(x —1)? has a simple root 0 and a double root 1.

1 _ B C
Hence, Xx—1)2 = x + =t >x—1)2

(x— 31 )2

e Multiply by x(x —1)2: 1 =A(x—1)2+Bx(x—1)+ Cx;

e Setx=0:1=A(-124+0+0 = A=1;

e Setx=1:1=04+0+C = C=1;

o What about B =77: e.g., set

x=21=A+2B+2C = B=—1;
1 1

So 1= [(%— 5ty + ) o
Step2: [=Inlx|—In|x —1]— 5 + C. 0



e I_J‘x“ 3x3:

Step1: Q(x)=x*—3x3=x%(x—3) = roots: 0,0, 0, 3.

= | s=2+54+ L4 D,

x4—3x3

e Multiply by x3(x — 3):
= 1=Ax®(x—-3)+Bx(x—3)+C(x—3)+ Dx5.
@ Setx=0: 1=04+0+C(-3)+0 = C——%,
e Setx=3: 1=0+0+0+D-3% = D=
e Toget Aand B:
1=A(x° 2)+B(x>-3x)+C(x—3)+Dx®
— x3(A+ D) +x2(~3A+ B)+x (—3B+ C) —3C
—— S~

Step2: 1=— 27|n|X|+9X+6x2+ Inlx — 3]+ C.

Lecture 11



§11.2 Partial Fractions, Case 3: Q, has complex roots

Then Qp(x) has a real factor (x? + ax + b)¥ (where the roots of
x2 + ax + b are complex).

We restrict ourselves to the case .

= In this case, include in the partial fraction decomposition a term:
Ax + B

—_— (where the constants A and B are to be evaluated).
x2+ax+b

Lecture 11



Examples:

f2+3x+x dx: Step1: Q(x) =x(x*+1) hasroots 0, i, —i,

(x2+1)

2+3x+x2 A Bx+C

A, 22TV i 2 .
X021 1) x T xEad Multiply by x(x=+ 1):

2 __ 2 2
2+3x+x=AXx+1)+(Bx+C)x =x (A+B)+X\C/3+\A;
= 1 = =
= B=1—-A=—1
Step2: = [(§+F5)ax
—f( X2+1+X2+1 )dX—2In|X|—f|n( x2+1)+3tan 'x+C. O
~——

Recall Step 2in §10.2



Q /=[F5: Stept: QL) =x*+1=x+1) X —x+1);
Step 1: oxi)

X341

complex roots
]

= g =t ot = 1=AXR—x+1)+ (Bx+C)(x+1).

Setx=—1: 1=A-3+0 = Azé,
TofindBand C: 1=x?(A+B)+x(—A+B+C)+ (A+C)

=0 =B=—] =1=C=2
1 X+
So 1= (45 + ) ox.
Step2: /=7 Inlx+1]—% [ F250x Complete the square:
Y x—x+1_(x—f) +3

see §10.2...

= U:X_% = _[XQ X+1d _I 2+3du_f 2+3du_§‘[u2+

1 338
In|u? + 7l 2,\E/2tan (\/5/2)—1-0

2
%I (X2 —x+1)— \f3tan*1(2’\(/_§1)+c.
= Iz%lan—&—‘lI—%In(X2—X+1)—%tan_1(2’\%1)+C’. O



Lecture 12 Improper Integrals  §12.1 Improper
Integrals of Type |

Definition
If fis continuous on [a, co), we define the

0 b
improper integral of f over [a, o) as J f(x)dx = blim J f(x) dx |
a —+o0Jia

If fis continuous on (—oo, al, we define the

a a
improper integral of f over (—oo, al as J f(x)dx = ) lim J f(x) dx|.
— 0 —— Jp

In either case, if the limit exists as a finite number, the improper integral
converges; if the limit does NOT exist, the improper integral diverges.

v

NOTE: one can recognize Type | by infinite limit(s) of integration.

Lecture 12 Improper Integrals 1/13



Examples:

@ (To motivate the above definition) Find the area under the curve
y = > above y = 0 to the right from x = 1:

b
i 1 16 1
Consider L pax=—1|] =|-F+1|

X

To get the whole area, let b — oot lim |—4 +1|=1.

b— o0

(0.¢]

Thus A =1, and the improper integral J %dx converges and = 1.0
1
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e¢]

© Let a > 0. For which values of p, does J %dx converge?
a

b b
. ; 1 _ —py _ xPH b pPHl_gpt]
S: COhSIdGI’L Xpdx_Lx d= S5l =>—F%&—
(here p#£1)

Note: lim b—P+1 :{ 0, p>1(ie. (—p+1)<0),

b—co oo, p<1(ie.(—p+1)>0)
b a-p+1
Now lim J Tdx =4 p=1" p>1,
b—oo Jg X diverges, p < 1.

Ifp=1: fg}dX:InxV;:Inb—lna;

as lim Inb = oo, so the integral diverges.
b—o0 —_—

Lecture 12 Improper Integrals
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(o¢]

If p> 1, then J %dx converges and equals 2

—p+1
p—1

If p <1, then itadiverges.

/
g P
i.e. for p < 1, the area is infinite,
I while for p > 1 the area A = a;f?.

Lecture 12 Improper Integrals 4/13



(s I 1dx = tan—'x|”

—o00 14+x?

= tan""(00) — tan~'(—o0)
—_—

o a o (_m\ _
. ie. lima _p oo tan 1X‘b -2 ( 2) T

_ 1_1
: s [t=0 —s_fs_o+s_s O
|
(here s>0)
2 —x _ _ 1 ax2x=2 1 A4 p——
e .J‘ ooxe ax -2 X=—00 —29 (_ée )
u=x?
__ 1,4 __e*

Lecture 12 Improper Integrals



§12.2 Improper Integrals of Type I

1 2
such as f d" ,  Jo tanxdx, j 1ex = e/ ax

0 sin X—cos X

—look like proper integrals (as limits of integration are finite!)

But the integrand does NOT existat | x =0}, x = Z, x =0, x = T,
respectively!

E.g. % doesn't exist at x = 0.

= The area might be infinite...
Instead consider ! 9% = 2Vx|! =2—2y¢
(for very small ¢ > 0).

; Tax _ _
Now,gln8+j€ﬁ_2 =larea=2| O

We say: the improper integral of Type |I j1 o

- converges and equals 2.

Lecture 12 Improper Integrals 6/13



Definition

If f(x) is continuous on (a, b], but f(a) does not exist, we define the

improper integral fa x)dx = ||m jc

Similarly, if f(x) is continuous on [a, b), but f(b) does not exist, we

define the improper integral

faflx

X) dx = I|m Ia

Lecture 12 Improper Integrals
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Examples:

1dx_ . Tadx LI
@ [0 = lim Jo 5 = lim. Inixl; = lim (o1 ~In)

So this improper integral diverges.

Q jg Jzilexz . here the integrand blows up at x =0, 2!

S: Complete the square: 2x — x2 = —(x — 1)2 + 1
= Substitute u=x—1, du=dx:

u= 1 .
I=],- =2 [ A "z =2im [y A
1
1—u

is even!

c—1—

Lecture 12 Improper Integrals

= +00.

=2 lim (sin*1c—sin*10)
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1 . 1 . 1
Inx dx = lim Inxdx = lim (x Inx—x
@ Jo c—>0+fC c—>0+( ”C

= lim ((0—1)—(¢Inc—0))

c—0+

0-c0=22
=—1— lim "¢ —using UHopital’s Rule!
C—>0+\E//
/ 1 i
= lim “"10), = lim —% = lim (—¢) =0
c—0+ (5) c—0t — 2 c—0+
Answer: |/ =—1]| O

Lecture 12 Improper Integrals 9/13



(For p =1, see Example 1.)

2 dx
= = P
J XxP _clrng ICX ax.
. T x—pPttja . g P+t _gp+i
For pr2 70 I= cI—IH)]Jr —p+ile cl—|>r8+ —p+1 ’
. —p-+1 .
where lim cP“_{O' ifp<1 Jadx: T if p< 1
c—0* +oo0, ifp>1 0 XP diverges, ifp > 1
Eg: [q £ = 3—finite
——
P=3
But J"O -~ diverges,
p_vi and the area A is negative for the curve y = X\;/),(.
-3
10/13
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§12.3 Comparison Test for Improper Integrals
(Type I, 1)

Comparison Test for Improper Integrals (both Type I, 1)

Let 0 < f(x) < g(x). If [ g(x) dx converges, so does [ f(x) dx.
If [ f(x) dx diverges, so does [ g(x) dx.

Idea: Ar < Ag

P

So if Af =+oo = s0is Ag = +oo; if Agis finite = so Ay is also finite.

Lecture 12 Improper Integrals 11/13



Examples:
Q@ [Pe ¥ dx:
Forx>1: xX>x = x2<-—x = 0<e X <e X
So 0<[PeXdx<[Te dx=—eX=e>2+e =1

So [{° e dx exists (i.e. converges) and has its value in (0, }9).
O
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o .
2 In x

For x > 0: eX:1+x+’§—?+--->x = x> Inx;

1
<7

So 1 NOTE also a sharper bound:
X Inx

So [3 & > [ =1n|x]|;” =In(c0) —In2 = co.

Hence [3° 2 diverges. 0

Lecture 12 Improper Integrals 13/13



Lecture 13 Numerical Integration

Lecture 13 Numerical Integration

Integrals such as j; sin(x?) dx have no exact formulae, but yet exist as
a certain area:

5

< [ =arca
0 / So one can evaluate them numerically...

§13.0 Notation

We want to approximate |/ = jg f(x) dx|.
Assume: f(x) is as many times differentiable as necessary on [a, b].
Partition [a, b] into n equal subintervals of width h (earlier we used the

notation Ax): e z
H_A"_'_d———r——t—‘}—t__\—_—'
a5 1 . =

xi=a+ih, i=0,1,2---,n h="522; define y, = f(x;)

n

1/8



§13.1 Rectangular Rule

On each subinterval [x;_4, X;], approximate f(x) by the leftmost value:

e
CU=F0 1)~ Fx5 1) = i1 on D1, x]
= Y fx)ax~hy

a5 mn 2 X = |Imsh(o+tyi++Yo1) =Ry
(NOTE: this is just a left Riemann sum!)

Example: /= [}sin(x?)dx. Use h=1 xi=ih=1 y =sin(L)
| ~ F?n:Z,-;O y,-h— > sm( ) yields:

n | 10 | 100 | 1000 | 10000 | 100000
R, | .269 | .306 | .3098 | .310226 | .3102641

Observe: Correct approximation: .3102683. So multiplying n by 10,
roughly, gives one extra decimal place of accuracy!
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Error Analysis

We want to estimate and be able to choose n so that the
error | — R, is as small as we want.

The error in the Rectangular Rule

2
1 — Rol < ;25 My, where My = max_|f'(x)I.
x€la,b]

NOTE: this theoretical error bound is very practical!
One typically does NOT know /, but still can estimate the error |/ — Ry
and choose an appropriate n before the computation occurs...

Application to our Example: /= j; sin(x?) dx.

f'(x)=(sin(x?)) ' =2x - cos(x?) = M= m{gﬁ]ﬂxl lcos(x?)|<2-1-1=2
xel0,

S |[1= Ry < U325 .2= 1| Eg.,if n=1000: |/ — Rn| < 1dp5 = .001.

n

Infact, |/ — Riopo| = |-31026 —.30981| ~ .0004 < .001. 0




Proof of the Error Bound* (a bit technical):

First, we focus on the error associated with [xg, x1].

NOTE: For an arbitrary function g( ) one has:
fXOQ x)dx = (x —x) \‘— (x — x1) g'(x) dx

here we used integration by parts with u=g(x), v=(x—x1)
= [ g(x)dx = hg(x) — [ (x —x1) g'(x) dx.

Next, choose g( x) = f(x)— yo: theng(xg) =0, g’'(x) =1f'(x), so
:>f (f(x) —yo) dx =0— f (x —xq) f'(x) dx

=/ f(x)dx—yoh

<(xi—x) M

=

X/_/%
f( ) dx — yo (x — x1)f’(x)dx‘gfxé‘(x—xﬂf’(x)]dx
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<(X1 7X) M1

,_/%
= [ 7000 0 yoh| = [ 2200 = x) /00 o] < 2 Tox— ) (0] o
So |[5 f(x) dx—yOh‘ <My [} —x)dx < My - JhP—finally!
Y
here fj% (xg—x) dX:A:%h2 h %
&
S

Similar estimates for each [x;, x; 1]:

n—1

Now, compare | = fa x)dx = Z jf’*‘ f(x)dx and R,= Zhy,- :

i=0

n—1
<)

jﬁ;‘“ f(x)dx — hy;

1= Ry| = ‘E([;’“ f(x) dx — hy,-)
i=0

n—1 n—1
b— 2 b— 2
< 3 (M 40) <530 2y 22
i=0 i=0

Lecture 13 Numerical Integration
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§13.2 Trapezoidal Rule

Approximate y = f(x) on each [x; 4, x;| by the straight line segment
joining (X;—1, yi—1) and (x;, y;):
y =% 5 f(x)dx ~ A=h- Y=t

Xi—1
So we approximate'
= [ fx)dx+ [ F) dx+ -+ [0 f(x) dx

~ z(}’o—i‘}ﬁ) +3(n +y2) +o 3 (Yot + ¥n)

=150 +2y1+2p2+ +2¥n1+yn) =T

Error Estimate for the Trapezoidal Rule

[l — Thl < Mg, where M, = max |f”(x)].

12 2 x€lab)

Proof: similar to |/ — Rj|....
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Lecture 13 Numerical Integration

Example: /= fo sin(x2)dx. Use h= xi=ih=1L y =sin(Z

12
n2
~ Tn:#(O—i—Zsin(#)—FZ sin(i) 42 snn( ) )+S|n(12))

n 10 100 1000 10000
T, | .3111 | 310277 | .31026839 | .3102683026

Observe: Multiplying n by 10, roughly, yields 2-decimal-place increase
in accuracy! This reflects the fact that |/ — Ty ~ —

Error Estimate: f(x) =sin(x?) = f”(x) =2 cos(x?) — 4x?sin(x?)
_ 7 < 2 2| o 2
= M Xren[gﬁ]lf (x)] \Xrg[gﬁ](2|cos(x )|+ 4x7|sin(x7)])
<2.1+4.1.1=6
= 1= T < 096 = 1| (Compare with || — Ry < 11)

12n2 2n?

So if we want |/ — T,| < 10~8, choose n such that 2n2 <1078
= 2P >108 = n>./'¥ ~7071.06
So n = 7072 subintervals guarantee |/ — T,| < 108, O
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Problem: How many subintervals are needed to estimate
| = J"é sin(x?) dx with error < 108 using

(a) Trapezoidal Rule; (b) Rectangular Rule??

(a)—already done:
Recall that |/ — T, < 5.

22
To guarantee |/ — T,| < 1078, choose 21—2 <107 8so|n>7072| O

(b) Recall that || — R,| < - (see §13.1).

We want |/ — R,| < 108, so choose 1 < 1078 so .

Lecture 13 Numerical Integration
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Lecture 14 Numerical Integration: Simpson’s Rule

On each subinterval f(x) is approximated by:

Rectangular Rule

a constant function: ;L?i

Trapezoidal Rule

a linear function f-&j

Simpson’s Rule

a quadratic function 75

SO

Xy Xney Xn

—to specify a quadratic function, we need
3 points, i.e. a pair of subintervals

As a pair of subintervals is needed = Change of Notation:

partition [a, b] into 2n

with

Lecture 14 Numerical Integration: Simpson’s Rule

subintervals

__ b—a
h= 2n

é»(i’» .
e Ry W iy O R 7
A =Xp X Koy . =
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Consider [xg, Xo]:

N # =)
AR We approximate fj((j f(x) dx
X %K% by the area under the (green) quadratic curve
%J—w through (xg, f(xo)), (x1,f(x1)) and (xo, f(x2)).

By "translating” this parallel to the x-axis, this is the area under the
quadratic curve through (—h, yo), (0, y1) and (h, y»).

Qk)=Ax2+Bx+(
What are A, B, C?
%OW% L
l } } Q(0) = Vi C=w

= Q(h)yg}:>{Ah2+Bh+Cy2

Q(—h) =y AR —Bh+C =y,
Add the last 2 relations: 2AH? + 0 +2C = yp + yo = | AP = -2t
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What is the area under y = Q(x)??

2 f(x)dx~ [7, Qlx) dx = [, (AX? + Bx + C) dx = 24 + 0.+ 2Ch

=20 N B L2 yh = (yy —2y1 + Yo + 611)

= | [ f(x) dx ~ 5 (yo +4y1 + o)

Repeating this for each pair of subintervals yields:
P2 fx) dx = [2 F(x) o+ [ Fx) dx+ -+ [0 f

Xon—2

~T(Yot+ayi+ye) + 3 +Aystya) ++ §(YZn72 +4Yon—1 + Yon)

Simpson’s Rule

[2f(x)ax ~ B(yo+4y1+2ya+4ys+2ya+ - +2)o0 2+ 4Yan 1+ Yan)
= Sop = g(}/o +4 Z Vodds” +2 Z Yrevens' + y2n)
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Error Estimate for Simpson’s Rule

[l — Sop| < 180 (b—a) M, = M4, where My, = max |f")(x)].

180 x€la,b]

(without proof)

—the error decreases as ( . So 10-fold increase in nyields a

10 000-fold increase in accuracy|
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Example: /= [, sin(x?) dx ~ Spp
1
@ let2n=4: = Ix= 5 = l )(y0+4y1 + 2o + 4y + ¥a)
XQ Az .2

g P N
Q"=“-=§—.I-—|~V :L:L , — !
F % =" where x; = 5; = ;50 sm((zn)) sin({g)-

o Now let 21 — 10: W’(‘b‘%@

(16

I~ Syp = 3(J/0+4Y1+2}’2+4Y3+ -+ 2yg +4¥9 + Y10)

—

where x; = 4. = {5 50 y; = S|n((2n) ) = sm(mz)

2n | S correct decimal places
4 .3099 2
10 | .31026023 5

100 | .31026830092 9

1000 | .310268301723301 | 13
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Problem: How many subintervals are needed to estimate

| = J"O sin(x?) dx with error < 1078 using Simpson’s Rule?

S: Recall that || — Syp| < 180 2n M4

FV)(x) = &5 (sin(x?)) = (16x* — 12) sin(x?) — 48x? cos(x?).

dx4
Note: for x € [0, 1] one has [16x* — 12| < 12 and x? < 1so
= Mi= max \(;L;(sin(x%)}g 12.1+48-1-1=60.
x€l[0

= |I=Sanl < 180 2n 760 < (2n)4'

To guarantee |/ — Szp < 1078, choose | 555 < 1078

SO 2n> (%) = 3 ~ 6.

Answer: will suffice.

Lecture 14 Numerical Integration: Simpson’s Rule
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Remark: for polynomials of degree < 3 one has
fMI(x)=0 = My=0 = |I— S, =0,

i.e., Simpson’s Rule is exact: for any 2n!

Example:
Evaluate fg x3dx using Simpson’s Rule with n =1 (and 2n = 2).

S: oot
-~ X )(’ )&
A=/ y020320’y1:13:1,y2:23:8,

= 82:%(}/0-1—4}/1 -I—YQ) :%(0-1-4-1 —1—8) =4
—exact answer! O
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Lecture 15 Volumes  §15.1 Volumes by Slicing

Note that the volume of a general cylinder

“' [V =A-h| where
/LJ A is the area of the base,
28 and h s its height.
The same formula V = A- his valid an oblique cylinder:
Note:
here h is measured in the direction
perpendicular to the base!

—Divide it into thin slices
by parallel planes perpendicular to an axis.
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Each thin slice is approximately a cylinder
of height Ax; with base area A(x;).

’Aé(z') So its volume is ‘ AV =~ A(x;) - Ax,-‘

n n
o The volume of the solid: V =) AV~ > A(x) - Ax;
AX; =Xy =X, i=1 =1

Riemann sum!

Letn — oco: |V = bA(x) dx| where A(x) is the cross-sectional area.

Example (volume of a pyramid)
}r Suppose that a pyramid has

Ag)zgf cross-sectional area A(x) = X
K/ for 0 < x < 4.
’ A Then V = [g A(x) dx = [¢ % dx
LS _x34 _ 16 0
< =flo="7%
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§15.2 Solids of Revolution: Cross-Section is a Disc

If the region R bounded by y =f(x) >0, y =0,

is rotated

X=a, X=b,

about the x-axis,

then the cross-section at x
is a circular disk of radius f(x),

whose area

A(x) = m (f(x))?

= |V =[P Ax) dx =7 [2(f(x))ax
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Examples:

@ Find the volume of a ball of radius r.

/,TF The ball can be generated
by rotating the half-disc about the x-axis

= V=mn [ (fx)dx=m ", (P —x?) dx

=27 [ (r? — x?) dx = 2m(r?x — X3)|X ! _27r<(r3—

x=0

Lecture 15 Volumes
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@ Arright circular cone of radius r and height h:

S: It's generated by rotating the line y = =X about the x-axis for 0 < x < h.

= V=m [J(f(x))%dx
= Jo (%) o
—nfp foldk=nG L[ =GB -0="F" O
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© A wine glass is designed by rotating y = \/x, for 0 < x < h about
the x-axis.
What is the depth of wine in the glass when it is half-full?

When the depth of wine in the glass is ¢, the volume of wine is
2|1C 7T 2
c)=m [o(vx ) dx =7 [gxdx=m %lo =75

= V(h) = ”T is the volume when the glass is full.

The glass is half-full when c is such that

Vie)=1V(h| = =& -1xf _ 2_1p

=|c= \}h ~ .7071 h|. Answer: the depth is 70% of total. O
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§15.3 Solids of Revolution: Cross-Section is a Washer

If the region R bounded by y = f(x), y=g9(x), x=a, x=b,

is rotated
about the x-axis,

then the cross-section at x
is a washer of outer radius f(x),
inner radius g(x):

Hence the area of trzle cross-se%tion at x:
Alx) =7 (f(x))" —m(g(x))
H’_/ N—_—— ———

outer disk inner disk
= |V = [2A) dx = J2(((x)) — (g(x)) dx
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Examples:

@ The area between y = /x and y = ¥ is rotated about the x-axis.
Find the volume generated.

Lecture 15 Volumes



@ A cylindrical hole of height 2b is drilled thought the centre of a ball.
Find the remaining volume.
S: Let a be the radius of the ball.

The solid can be generated
by rotating the region:

The cross-section at each x € [—b, b is a washer
v=r[®, ((W)Z—WW)Z)M
=t [°, (& — x) — (82— b?)) dx
— 7 [P, (bP — x?) dx =27 [2(B? — x?) dx = 27 (PPx — )20
o —2n(BP-g)-0="12" O
Note: the answer is independent of a!
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Lecture 16 §16.1 Volumes of Revolution: by
Cylindrical Shells

Suppose the region bounded by y = f(x) >0, y=0, x=a, x=b,

is rotated
about the y-axis:
q
! %
L
%-:;J 5%

@ One approach: by slicing perpendicular to the y-axis
(see Lecture 15).Then at each y, we need the cross-sectional
area A(y) —sometimes NOT easy to obtain...

@ Alternatively, (we shall employ this!)
divide the solid into thin cylindrical shells =




L —First, divide the region

]%: '\t‘f@ into thin vertical strips.

= : = T e
IREL £
—Then rotate each strip 7 I ’
about the y-axis
o generate thickness 4 X
a thin cylindrical shell: radins X,

= The volume of a particular shell: ’ AV, = 27 x; f(x;) A\ X; ‘

n n

= The volume of the whole solid: V = ) AV;~2r Y xf(x) Ax
p i—1

(where nis the number of vertical strips).

Riemann Sum

Letn— oo = |V =27 [ xf(x)dx




Generalization:
If the region bounded by y = f(x), y=g(x), x=a, x=b,

is rotated
about the y-axis, then the volume is

X V =2 [7x (f(x) — g(x)) ox | (+)

Hint: the vertical strip at x; has height f(x;) — g(x;)
(earlier it was f(x;))...
Examples:
@ Find the volume of the bowl generated by rotating y = x° about
the y-axis for 0 < x < 1.

4
C,

i Use formula (x)
I with the upper function f(x) = 1
and the lower function g(x) = x=:

V= [jx(i- ) dk—2n (- D))= 3. O
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© Volume of a Torus (Donut):

J —cutaway view of a torus.

—A disc of radius a
5% with centre (b, 0), where b > a
is rotated about the y-axis

5 ,
By formula (x): V =27 [ "2 x (f(x) — g(x)) dx, but

What are f(x) and g(x)?
Thecircle: (x —b)2+ (y — 02 =a° =

upper branch: ++/a% — (x — b)?2 :f( )
lower branch: —/a2 — (x — b)2 = g(x)

Hence, V =2n gfjx( & — (x — b)2—(—/& — (x — b)2)) dx

+\/a — (x — b)?

f(x) g(x)



So V =4m [242 x| /a2 — (x — b)? dx

Substitute: u=x—b = du=dx
with limits: x=b+a = u=a, x=b—a = u=-a:

= V=4n [ —? (u+b)Va®—u2du

=4n [® uva —wrdu+4nb [, Va® —u2du

=0, as odd function area of semicircle of radius a:
2
area = “- T pe- w2
-0 b

=0+4nb- ™ =|(2nb)(ne?)| O

Note:

area of the disc (1a°) times the distance traveled by its centre (27tb).



§16.2 Volumes of Revolution: Summary and
Generalizations

Region—
Rotated
about i

plane vertical slices

horizontal cylindrical shells

Bl e

X V= (02— (9(x)2)ax | V=2r [Ty (k(y) — h(y)) dy
y—F;s vertical cylindrical shells plane horizontal slices
o V =2n [2x (f(x) — g(x)) dx | V=7 [((k(y))2—(h(y))?)dy

Lecture 16

—See Lectures 15-16

—This column is new and
generalizes the previous one!
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Examples:

@ The area bounded by x = ¢ and the y-axis for 1 < y < 2:

4 is rotated about the x-axis.

W o ul

/ o Find the volume generated.
| G

S: Use horizontal cylindrical shells:

V=orn[J5y( 9 — 0 )dy=2n-¢| {=2n(e?—e). O

. pm "left” curve: x—axis
right” curve



@ Find the volume generated by rotating y = In x about the y-axis

% fore < x < €.
{ = @_ 72 ~y=tr x
o p o emen Use horizontal slices:
g/ 7

V= [725(( right )2 — (Jeft)?) dy

y=InXx, but x=e as a function of y y—axis: x=0
Limits: x=e = y=Inhe=1, andx=¢6®> = y=Ine?*=2

V=rn [ 5(e)P-0)dy=n[?e¥dy=Fe¥=%(e"¢). O



© Find the volume generated by rotating the region bounded by
x = 2y — y? and the y-axis about the y-axis.

-
o2y~
e Intersections: x =2y —y2andx =0

Horizontal slices:

= 2 2
= V=r 5@ ) (%) o
right left: y axis x=0

5

3
= Joay? -4ty dy =m (4 4% 15 = O



@ The region bounded by x = “:* and the x = \/y + 4

+
4
for 0 < y < 12, is rotated about the y-axis.
f (412
/7%&—7
X=\g+y"

Horizontal slices:

outer: \/y +4; inner: Y1*; limits: y =0, 12.

= V=n [ (Va7 - (5)%) oy

Substitution: uv="7* = du=% = dy =4du,

withlimits: y =0 = uv=1, y =12 = u=4,

2

= V=n [Y"1(4u—1P) (4du) = 4n (4 £ — 2) [T =36m. DO
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