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INSTRUCTIONS TO CANDIDATES:
Answer questions 1, 2, and 3.

To obtain maximum marks you must show all your work clearly and in detail.

Standard mathematical tables are provided by the invigilators. Under no circumstances should
you use your own tables or be in possession of any written material other than that provided by
the invigilators.

Non-programmable, non-graphical calculators that have been approved by the lecturer are per-
mitted.

You must obey the examination rules of the University. Any breaches of these rules (and in
particular any attempt at cheating) will result in disciplinary proceedings. For a first offence
this can result in a year’s suspension from the University.
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1 Answer part (a) and one of parts (b) and (c).

(a) Let the spacé’ = {all functionsv € H*(0,1) such that(0) = 0}
with the norm

ol - \/ [ @)+ ey
Let the bilinear formu(-, -) 0e defined by
a(v,u) = /1 3v'(x)u/(z)dx  foranyv,u € V.
e Show that this b(i)linear form is symmetric.
Then show that, for some positive constantand~, one has
allv]]? < a(v,v) < 4||v||* forall veV.

Specify the constants and-~y.
e Suppose that’” is a finite-dimensional subspace @f and for
some functions: € V andu;, € V" we have

a(u —up,wp) =0 forall wy, € V"
Prove that this implies
a(u —up,u —up) < alu — vy, u—v,) forall v, € V"
e Then prove that
|u —up| < Cllu—wvy|| forall v, € V"

and specify the constant here in terms ofv and~.

(b) In a two-dimensional domaift consider the problem:

Pu 0%
— (_8:172 + _8y2) = f for(z,y) € Q,
du(z,y)
u(z,y) =0 for (z,y) € 0Q; o 0 for (x,y) € 0Qy;

wheref = const andof2 = 0€2; U 0¢), is the boundary of?.

This problem is discretized usidigear finite elementsvhere the do-
main{) and its triangulation are as follows:
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For this discretization:

e Find the global stiffness matrix( s, and the global load vector
F(y) in which the boundary conditions are ignored.

e Find the global stiffness matrikX” and the global load vectar
which take the boundary conditions into consideration.

e Then write the numerical method as a linear syst€bi = F.

For each entry of the unknown vect@rspecify with which mesh
node it is associated.

Note that for the linear element

the local stiffness matrix () and the local load vectdr®) are given by

1 -1 0 5 |1
K@ — 1 -1 2 -1, @ — fi 1
20 0 -1 1 6 1y
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(c) Consider the problem:
—u"=f x€(0,1), u(0) = u(1) = 0.
e Obtain a weak formulation of this problem.
(Note: you are expected to specify the space in whichfound,
from which space arbitrary functionsare taken, and which bound-
ary conditionsu andv are required to satisfy if any.)

15%

e Suppose this problem is discretized using piecewyisaratic fi-
nite elements with the local shape functia, ¢\, ¢\ defined
on each elemert?) = [x;, 2;,1], With h; = 2,4, — ;, by

¢§f):sok(x;‘”>, k=123,

1(t) = 200-1)(1=1/2), palt) = 4H(1—1),  alt) = 2(1-1/2).
Find the local stiffness matrik’ () and the local load vectdr®,
assuming thaf = const.

e Onthe meshz;}{, with hy = hy = hy = %, write the above
numerical method as a linear systétit/ = F, whereK is the
global stiffness matrixF' is the global load vector, and is the
computed-solution vector. For each entry of the unknown vector
U specify with which mesh node it is associated.

(Note: do not forget to address the boundary conditions.)

2 Answer part (a) and any two of parts (b), (c), (d). 24%

Let a be a positive constant. In the square donfais: (0,1) x (0,1) with
the boundary)) consider the problem:

’u  O%*u ou ou
LU:—G,(@‘Fa—yz)—?a—x‘f“Sa_y:f(x’y) fOf(ZL‘,y)EQ,

u(z,y) =0 for (z,y) € O

This problem is discretized on the uniform mesh;, y;) }i j=1,.. v+1, Where
x; = (i —1)h, y; = (j — 1)h, h = 1/N, by the finite difference method:

hrr Ui—1,j+Uit1,;+U; j11+U; ;1 —4U;; Uiy1,;—Ui—1,5 Uijr1—Uij—1 _ o
L Uz] = —a h2 _7 2%h +3 2h - f(xla y])

fori,j =2,..., N, with the boundary conditions:

Uij =0 for (mi,yj) € 0.
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(a) Estimate the local truncation erroy; = —L"u(x;,y;) + f(x;,y;) of
this method, where:(z;, y;) is the exact solution at the mesh node
(ZE‘Z', y]) 8%

(b) Show that the finite difference operatbt, possibly under a certain
condition that involve$ anda, satisfies the discrete maximum princi-
ple in the form: 8%

L"V,; <0 Vi, j=2,...,N

= V,<0 Vij=1,... N+l
Vi <0 Y (zi,y) €09 } : ’

Specify the discrete-maximume-principle condition/grif any.

(c) Using the maximum principle described in part (b), show that 8%

(d) Using the result of part (a) and the property described in part (c), esti-
mate the error of the finite difference method 8%

) max+ ‘UZ —U(.%'i,yj)|,

whereU;; is the computed solution, while(z;, y;) is the exact solu-
tion at the mesh node:;, y; ).
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3 Answer part (a) and one of parts (b) and (c). 21%

Consider the problem
Up = Ugy, x € (0,1), t>0; u(0,t)=u(l,t)=0; u(x,0)=g(x).

This problem is discretized on the uniform mggh;. t,,), j = 1,..., N+1,
m=1,2,...}, wherex; = (j — 1)h, h=1/N andt,, = (m — 1)k.
Let U™ be the computed solution associated with the pQintt,, ).

(a) Using Von Neumann’s method, prove that the Leap Frog method 11%

m—+1 m—1 m m m

2k h? ’

is unconditionally unstable

(b) Using Von Neumann’s method, find out whether the following method
is unconditionally stable, unconditionally unstable, or conditionally
stable. If it is conditionally stable, find the stability condition. 10%

Uit U 3 UMY - 20T+ U 1 U - 20 + U
k 4 h? 4 h? '

(c) Estimate the local truncation errors of the methods in parts (a) and (b).
10%




