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1 Answer part (a) and one of parts (b) and (c). 30%

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(a) Let the spaceV =
{

all functions v ∈ H1(0, 1) such thatv(0) = 0
}

with the norm 15%

‖v‖ =

√∫ 1

0

(v′2(x) + v2(x)) dx .

Let the bilinear forma(·, ·) be defined by

a(v, u) =

∫ 1

0

3 v′(x) u′(x) dx for anyv, u ∈ V.

• Show that this bilinear form is symmetric.

Then show that, for some positive constantsα andγ, one has

α‖v‖2 ≤ a(v, v) ≤ γ‖v‖2 for all v ∈ V.

Specify the constantsα andγ.

• Suppose thatV h is a finite-dimensional subspace ofV and for

some functionsu ∈ V anduh ∈ V h we have

a(u− uh, wh) = 0 for all wh ∈ V h.

Prove that this implies

a(u− uh, u− uh) ≤ a(u− vh, u− vh) for all vh ∈ V h.

• Then prove that

‖u− uh‖ ≤ C‖u− vh‖ for all vh ∈ V h

and specify the constantC here in terms ofα andγ.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(b) In a two-dimensional domainΩ consider the problem: 15%

−
(

∂2u

∂x2
+

∂2u

∂y2

)
= f for (x, y) ∈ Ω,

u(x, y) = 0 for (x, y) ∈ ∂Ω1;
∂u(x, y)

∂n
= 0 for (x, y) ∈ ∂Ω2;

wheref = const and∂Ω = ∂Ω1 ∪ ∂Ω2 is the boundary ofΩ.

This problem is discretized usinglinear finite elements, where the do-

mainΩ and its triangulation are as follows:

1
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For this discretization:

• Find the global stiffness matrixK(f) and the global load vector

F(f) in which the boundary conditions are ignored.

• Find the global stiffness matrixK and the global load vectorF

which take the boundary conditions into consideration.

• Then write the numerical method as a linear systemKU = F .

For each entry of the unknown vectorU specify with which mesh

node it is associated.

Note that for the linear element

e(i)

h

h

1 2

3

the local stiffness matrixK(i) and the local load vectorF (i) are given by

K(i) =
1

2




1 −1 0
−1 2 −1

0 −1 1


 , F (i) =

fh2

6




1
1
1


 .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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(c) Consider the problem:
15%−u′′ = f, x ∈ (0, 1), u(0) = u(1) = 0.

• Obtain a weak formulation of this problem.

(Note: you are expected to specify the space in whichu is found,

from which space arbitrary functionsv are taken, and which bound-

ary conditionsu andv are required to satisfy if any.)

• Suppose this problem is discretized using piecewisequadratic fi-

nite elements with the local shape functionsφ
(i)
1 , φ

(i)
2 , φ

(i)
3 defined

on each elemente(i) = [xi, xi+1], with hi = xi+1 − xi, by

φ
(i)
k = ϕk

(
x− xi

hi

)
, k = 1, 2, 3,

ϕ1(t) = 2(t−1)(t−1/2), ϕ2(t) = 4t(1−t), ϕ3(t) = 2t(t−1/2).

Find the local stiffness matrixK(i) and the local load vectorF (i),

assuming thatf = const.

• On the mesh{xi}4
i=1 with h1 = h2 = h3 = 1

3
, write the above

numerical method as a linear systemKU = F , whereK is the

global stiffness matrix,F is the global load vector, andU is the

computed-solution vector. For each entry of the unknown vector

U specify with which mesh node it is associated.

(Note: do not forget to address the boundary conditions.)

2 Answer part (a) and any two of parts (b), (c), (d). 24%

Let a be a positive constant. In the square domainΩ = (0, 1)× (0, 1) with

the boundary∂Ω consider the problem:

Lu = −a

(
∂2u

∂x2
+

∂2u

∂y2

)
− 7

∂u

∂x
+ 3

∂u

∂y
= f(x, y) for (x, y) ∈ Ω,

u(x, y) = 0 for (x, y) ∈ ∂Ω.

This problem is discretized on the uniform mesh{(xi, yj)}i,j=1,...,N+1, where

xi = (i− 1)h, yj = (j − 1)h, h = 1/N , by the finite difference method:

LhUij = −a
Ui−1,j+Ui+1,j+Ui,j+1+Ui,j−1−4Uij

h2 −7
Ui+1,j−Ui−1,j

2h
+3

Ui,j+1−Ui,j−1

2h
= f(xi, yj)

for i, j = 2, . . . , N , with the boundary conditions:

Uij = 0 for (xi, yj) ∈ ∂Ω.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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(a) Estimate the local truncation errorrij = −Lhu(xi, yj) + f(xi, yj) of

this method, whereu(xi, yj) is the exact solution at the mesh node

(xi, yj). 8%

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(b) Show that the finite difference operatorLh, possibly under a certain

condition that involvesh anda, satisfies the discrete maximum princi-

ple in the form: 8%

LhVij ≤ 0 ∀ i, j = 2, . . . , N

Vij ≤ 0 ∀ (xi, yj) ∈ ∂Ω

}
⇒ Vij ≤ 0 ∀ i, j = 1, . . . , N+1.

Specify the discrete-maximum-principle condition onh, if any.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(c) Using the maximum principle described in part (b), show that 8%

Vij = 0 ∀ (xi, yj) ∈ ∂Ω ⇒ max
i,j=1,...,N+1

∣∣Vij

∣∣ ≤ C max
i,j=2,...,N

∣∣LhVij

∣∣

for some constantC. Specify this constant.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(d) Using the result of part (a) and the property described in part (c), esti-

mate the error of the finite difference method 8%

max
i,j=1,...,N+1

∣∣Uij − u(xi, yj)
∣∣,

whereUij is the computed solution, whileu(xi, yj) is the exact solu-

tion at the mesh node(xi, yj).

4
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3 Answer part (a) and one of parts (b) and (c). 21%

Consider the problem

ut = uxx, x ∈ (0, 1), t > 0; u(0, t) = u(1, t) = 0; u(x, 0) = g(x).

This problem is discretized on the uniform mesh{(xj, tm), j = 1, ..., N+1,

m = 1, 2, . . .}, wherexj = (j − 1)h, h = 1/N andtm = (m− 1)k.

Let Um
j be the computed solution associated with the point(xj, tm).

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(a) Using Von Neumann’s method, prove that the Leap Frog method 11%

Um+1
j − Um−1

j

2k
=

Um
j−1 − 2Um

j + Um
j+1

h2
,

is unconditionally unstable.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(b) Using Von Neumann’s method, find out whether the following method

is unconditionally stable, unconditionally unstable, or conditionally

stable. If it is conditionally stable, find the stability condition. 10%

Um+1
j − Um

j

k
=

3

4

Um+1
j−1 − 2Um+1

j + Um+1
j+1

h2
+

1

4

Um
j−1 − 2Um

j + Um
j+1

h2
.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(c) Estimate the local truncation errors of the methods in parts (a) and (b).

10%
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