List of Questions to prepare for the Final Exam:
Finite Element Method
Consider the problems:
(a) —su'+2u=f =ze(01), W(0)=u()=0

) —su+2u=f ze(0,1), ul0)=u(l)=0;
) =3u'=f =ze(01), w0 =ul)=
(e) —u"+7u=f, z€(0,1), u(0) =u'(1) =
(f)

)

7

f —u"=f, z€(0,1), v'(0) = u(l) = 0;
(g) —Au+u=f, z€QCR? u(z) =0;
€00

(h) —3Au+u=f, z€QCR? u(z) = 0;

€N
(i) —2/Au+3u=f z€QCR}® u() = 0;

€00
(I) —u"+6u=f, xe€(0,1), u(0) = u/(1) = 0;
(1) —u"+3u =f, z€(0,1), u(0) = u(l) = 0;
(I11) —2u" +5u +u=f, ze€(0,1), u(0) = /(1) = 0.

1. For each of the problems (a)-(i) and (I)-(III) obtain its weak formulation.
(Hint: multiply the differential equation by an arbitrary function v and
integrate using integration by parts and the boundary conditions.
Note: you are expected to specify the space in which u is found and
from which arbitrary functions v are taken an the boundary conditions
that they satisfy, if any.)

2. For each of problems (a)-(i) give their weak formulations in the form:
Findu e V' : a(u,v) = L(v) YveV,

specifying V', a(-,-), and L(-).

Furthermore, check that a(-,-) and L(-) satisfy assumptions (A1)-(A3)—
see p. 1 of §4.5—and specify the constants v and o in these assumptions.



3. Using piecewise linear elements (see §4.2) with the local shape functions
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find the local stiffness matrix K@ and the local load vector F® for
equations in problems (a)-(e) and (I)-(III), where f = const.

4. Using piecewise quadratic finite elements with the local shape functions
(f), ;), (;Sgl) defined in §4.3, find the local stiffness matrix K and the
local load vector F® for equations in problems (c), (I)-(III), where

f = const.

5. For problems (c), (f), (I), (II), where f = const,
on each of the meshes with
(1) h1 - hg = 1/4, h3 - 1/2, (11) h1 = 1/4, h2 = 1/2, h3 - 1/4,

consider the finite element methods using:

e linear elements; see §4.2;

e quadratic elements; see §4.3;

e linear elements on e and e® and quadratic elements on e®).
(i) Find K) and F().

(i) Find K and F and then write the numerical method as a linear
system KU = F.

(iii) For each entry of the unknown vector U specify to which mesh
node it is assigned.

Hint: use local matrices K and F® obtained in the previous exercises.



In © consider the Poisson equation:

u  0%u
w=-(G+5)=f @wen, o
where f = const, with the boundary conditions
0
uey) =0, @y)eo; Vg gy eon (2

where n is the outward normal to 0€),.

. The local stiffness matrix and local load vector of the linear element
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for equation (1) is given by

1 =1 0 : 2 |1
KO — 1 -1 2 -1}, O — ﬁl__ 11 .
210 -1 1 6 11

Construct the global stiffness matrix K () and the global load vector
F(fy, and then K and F for the following triangulations:




find Ky, F(y), and then K and F for the triangulation
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9. Suppose you are given K5 and F{y) for triangulations from Example 1
( §4 .4, p.13). Modifying them, obtain the matrices K(y) and Fiy),
and then K and F' for the triangulations:

ol




10. Prove each of the following statements (problems VAR, MIN, VAR",
and MIN” are defined on p. 1-3 of §4.5):

(a) If u is a solution of problem VAR, then u is a solution of problem
MIN.

(b) If u is a solution of problem MIN, then u is a solution of problem
VAR.

(c) If uy is a solution of problem VAR", then wuy is a solution of
problem MIN”.

(d) If uy is a solution of problem MIN”  then uy is a solution of
problem VAR".

(e) For the solution u of problem VAR and the solution uy, of problem
VAR, we have

Hu - uhHa <l - 'UhHa Yoy € Vh;

where ||v||, = v/a(v,v) is the energy norm.

(f) For the solution u of problem VAR and the solution uj, of problem
VAR", we have

lu — up|| < Cllu— vl| Yo, € V!,

where ||v]| is the norm of the space V, in which problem VAR is
stated. :

(Hint: first prove the previous statement, then use assumptions
(A1)-(A3)—see §4.5, p. 1—on a(-,-).)

Furthermore, specify the constant C here in terms of v and « from
(A1)-(A3).






