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Ââåäåíèå

Áîëüøîå ÷èñëî çàäà÷ ôèçèêè è òåõíèêè ïðèâîäèò ê äèôôå-

ðåíöèàëüíûì óðàâíåíèÿì, ñîäåðæàùèì ìàëûé ïàðàìåòð â âèäå

ìíîæèòåëÿ ïðè ñòàðøèõ ïðîèçâîäíûõ, � òàê íàçûâàåìûì ñèí-

ãóëÿðíî âîçìóùåííûì óðàâíåíèÿì. Ñòðóêòóðà ðåøåíèé äîñòà-

òî÷íî øèðîêîãî êëàññà ñèíãóëÿðíî âîçìóùåííûõ çàäà÷ èçó÷å-

íà ñ ïîìîùüþ àñèìïòîòè÷åñêèõ ìåòîäîâ [12, 9, 10, 11]. Õîðîøî

èçâåñòíî, ÷òî åñëè ïàðàìåòð ïðè ñòàðøèõ ïðîèçâîäíûõ ε → 0,

òî ðåøåíèÿ ðàññìàòðèâàåìûõ â íàñòîÿùåé äèññåðòàöèè ñèíãó-

ëÿðíî âîçìóùåííûõ êðàåâûõ è íà÷àëüíî-êðàåâûõ çàäà÷ ñõîäÿòñÿ

âî âíóòðåííèõ òî÷êàõ îáëàñòè ê ðåøåíèþ âûðîæäåííîé çàäà÷è

(ε = 0). Íî ïîñêîëüêó äëÿ îäíîçíà÷íîé ðàçðåøèìîñòè âûðîæ-

äåííîãî óðàâíåíèÿ òðåáóåòñÿ ìåíüøåå ÷èñëî ãðàíè÷íûõ óñëîâèé,

÷åì äëÿ èñõîäíîãî óðàâíåíèÿ (ε > 0), òî ïðè ìàëûõ ε íåèñïîëü-

çîâàííûå â âûðîæäåííîé çàäà÷å ãðàíè÷íûå óñëîâèÿ ïðèâîäÿò ê

îáðàçîâàíèþ â îêðåñòíîñòè òî÷åê ãðàíèöû, ãäå çàäàíû ýòè óñëî-

âèÿ, òàê íàçûâàåìûõ ïîãðàíè÷íûõ ñëîåâ, ãäå ðåøåíèå èñõîäíîé

çàäà÷è áûñòðî ìåíÿåòñÿ, à åãî ïðîèçâîäíûå íå ÿâëÿþòñÿ îãðàíè-

÷åííûìè ðàâíîìåðíî ïî ïàðàìåòðó. Èëëþñòðàöèåé ê ñêàçàííîìó

ìîæåò ñëóæèòü ìîäåëüíàÿ çàäà÷à

−εu′′ − u′ = 0, 0 < x < 1, u(0) = 1, u(1) = 0, (1)

ñ ðåøåíèåì âûðîæäåííîé çàäà÷è v ≡ 0 è ðåøåíèåì

u(x) =
(
e−x/ε − e−1/ε

)
/
(
1− e−1/ε

)
,
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ïðåòåðïåâàþùèì ïðè ìàëûõ ε ñèëüíûå èçìåíåíèÿ â îêðåñòíîñòè

òî÷êè x = 0.

Íàëè÷èå ïîãðàíè÷íûõ ñëîåâ ñ áûñòðîìåíÿþùèìñÿ ðåøåíèåì

ïðèâîäèò ê òîìó, ÷òî òî÷íîñòü êëàññè÷åñêèõ ÷èñëåííûõ ìåòîäîâ,

íå ó÷èòûâàþùèõ íàëè÷èå â çàäà÷å ìàëîãî ïàðàìåòðà, çàâèñèò

íå òîëüêî îò øàãà ñåòêè, íî è îò çíà÷åíèÿ ïàðàìåòðà, à òî÷íåå

îò ñîîòíîøåíèÿ ìåæäó øàãîì ñåòêè è ïàðàìåòðîì. Ïîýòîìó ïðè

ìàëûõ çíà÷åíèÿõ ïàðàìåòðà äëÿ äîñòèæåíèÿ õîðîøåé òî÷íîñòè

ïðèõîäèòñÿ èñïîëüçîâàòü ñåòêè ñ î÷åíü áîëüøèì ÷èñëîì óçëîâ.

×èñëåííîå æå ðåøåíèå, íàéäåííîå íà íå ñëèøêîì ìåëêîé ñåòêå,

êàê ïðàâèëî, íå èìååò íè÷åãî îáùåãî ñ ðåøåíèåì èñõîäíîé çàäà÷è

(ñì., íàïðèìåð, [15, 35]).

Â ñâÿçè ñ ýòèì äëÿ ñèíãóëÿðíî âîçìóùåííûõ çàäà÷ ðàçðà-

áàòûâàþòñÿ ñïåöèàëüíûå, òàê íàçûâàåìûå ðàâíîìåðíî ïî ïàðà-

ìåòðó ñõîäÿùèåñÿ ÷èñëåííûå ìåòîäû, òî÷íîñòü êîòîðûõ çàâèñèò

ëèøü îò ÷èñëà óçëîâ è íå çàâèñèò îò çíà÷åíèÿ ïàðàìåòðà. Ñó-

ùåñòâîâàíèå ñõåì, ñõîäÿùèõñÿ íà ðàâíîìåðíîé ñåòêå ðàâíîìåð-

íî ïî ïàðàìåòðó ïðè ñòàðøèõ ïðîèçâîäíûõ, äîêàçàíî â [16], ãäå

äëÿ îáûêíîâåííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ âòîðîãî ïî-

ðÿäêà, âûðîæäàþùåãîñÿ â äèôôåðåíöèàëüíîå óðàâíåíèå ïåðâî-

ãî ïîðÿäêà, ïîñòðîåíà òàêàÿ ðàçíîñòíàÿ ñõåìà è óñòàíîâëåíà åå

ðàâíîìåðíàÿ ïî ïàðàìåòðó ñõîäèìîñòü ñî ñêîðîñòüþ O(N−1), ãäå

N � ÷èñëî óçëîâ ñåòêè. Â äàëüíåéøåì ïîñòðîåíèåì ïîäîáíûõ

ñïåöèàëüíûõ ñõåì, êîòîðûå ñòàëè íàçûâàòüñÿ ñõåìàìè ïîäãîíêè,

çàíèìàëèñü ìíîãèå àâòîðû (ñì. [7, 15, 40] è öèòèðîâàííóþ òàì
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ëèòåðàòóðó). Îñîáåííîñòüþ ìåòîäîâ ïîäãîíêè ÿâëÿåòñÿ òî, ÷òî

íå íàêëàäûâàåòñÿ íèêàêèõ îãðàíè÷åíèé íà âûáîð ñåòêè, à ðàâ-

íîìåðíàÿ ñõîäèìîñòü äîñòèãàåòñÿ çà ñ÷åò ñïåöèàëüíîãî ïîñòðîå-

íèÿ (ïîäãîíêè) êîýôôèöèåíòîâ ðàçíîñòíîãî óðàâíåíèÿ. Ê ìåòî-

äàì ïîäãîíêè ïðèìûêàþò òàêæå ïðîåêöèîííî-ñåòî÷íûå ìåòîäû

(ìåòîäû êîíå÷íûõ ýëåìåíòîâ), èñïîëüçóþùèå â êà÷åñòâå áàçèñíûõ

êóñî÷íî-ýêñïîíåíöèàëüíûå ôèíèòíûå ôóíêöèè, (ñì., íàïðèìåð,

[27, 41, 42, 43]), ïîñêîëüêó (íàïðèìåð â ñëó÷àå êðàåâûõ çàäà÷ äëÿ

îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé) îíè ïðèâîäÿò ê ñå-

òî÷íûì óðàâíåíèÿì, ïîäîáíûì ïîëó÷àåìûì â ðàçíîñòíûõ ïîä-

ãîíî÷íûõ ìåòîäàõ (î äðóãèõ ïðîåêöèîííî-ñåòî÷íûõ ìåòîäàõ äëÿ

ñèíãóëÿðíî âîçìóùåííûõ çàäà÷ ñì., íàïðèìåð, [3, 4]).

Äðóãîé ïóòü äîñòèæåíèÿ ðàâíîìåðíîé ïî ìàëîìó ïàðàìåòðó

ñõîäèìîñòè ïðåäëàãàåòñÿ â [5]. Òàì, â ÷àñòíîñòè, ðàññìàòðèâàëîñü

îáûêíîâåííîå äèôôåðåíöèàëüíîå óðàâíåíèå âòîðîãî ïîðÿäêà, âû-

ðîæäàþùååñÿ â äèôôåðåíöèàëüíîå óðàâíåíèå íóëåâîãî ïîðÿäêà

(ò. å. â àëãåáðàè÷åñêîå óðàâíåíèå). Äëÿ àïïðîêñèìàöèè èñïîëüçî-

âàëàñü êëàññè÷åñêàÿ òðåõòî÷å÷íàÿ ñõåìà, à íåðàâíîìåðíàÿ ñåòêà

âûáèðàëàñü èç òåõ ñîîáðàæåíèé, ÷òîáû ïîãðåøíîñòü àïïðîêñèìà-

öèè íà èñêîìîì ðåøåíèè áûëà ïðèìåðíî îäèíàêîâà â êàæäîì åå

óçëå. Òàêàÿ ñåòêà â [5] áûëà ïîñòðîåíà è äîêàçàíà ðàâíîìåðíàÿ

ñõîäèìîñòü íàéäåííîãî íà íåé ïðèáëèæåííîãî ðåøåíèÿ ñî ñêîðî-

ñòüþ O(N−2), ãäå N � ÷èñëî óçëîâ ñåòêè. Íî, êàê çàìå÷åíî â [37],

äëÿ îáûêíîâåííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ, ñîäåðæàùåãî

÷ëåí ñ ïåðâîé ïðîèçâîäíîé, íå ñóùåñòâóåò ñåòîê íà êîòîðûõ ïî-
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ãðåøíîñòü àïïðîêñèìàöèè êëàññè÷åñêèõ ñõåì áûëà áû ðàâíîìåð-

íî ïî ïàðàìåòðó îãðàíè÷åííîé, è ïîýòîìó ìåòîäèêó ïîñòðîåíèÿ

ñãóùàþùèõñÿ ñåòîê [5] íåïîñðåäñòâåííî ïåðåíåñòè íà óðàâíåíèå ñ

ïåðâîé ïðîèçâîäíîé íåâîçìîæíî.

Ïåðâîé ðàáîòîé, ãäå äëÿ îáûêíîâåííîãî äèôôåðåíöèàëüíîãî

óðàâíåíèÿ, âûðîæäàþùåãîñÿ â äèôôåðåíöèàëüíîå óðàâíåíèå ïåð-

âîãî ïîðÿäêà, áûëà äîêàçàíà ðàâíîìåðíàÿ ïî ìàëîìó ïàðàìåòðó

ñõîäèìîñòü îáû÷íîé ðàçíîñòíîé ñõåìû íà ïîñòðîåííîé â ýòîé ðà-

áîòå (î÷åíü) ãëàäêîé íåðàâíîìåðíîé ñãóùàþùåéñÿ â îêðåñòíîñòè

ïîãðàíñëîÿ ñåòêå ÿâëÿåòñÿ ðàáîòà [24] (òî÷íîñòü èññëåäîâàííîé

ñõåìû åñòü O(N−1)).

Â [6] äëÿ òîãî æå óðàâíåíèÿ èññëåäóåòñÿ ñõåìà ìåòîäà êîíå÷-

íûõ ýëåìåíòîâ ñ èñïîëüçîâàíèåì ñèñòåìû êóñî÷íî-ëèíåéíûõ â ñå-

òî÷íîì ïîãðàíè÷íîì ñëîå è êóñî÷íî-ïîñòîÿííûõ âíå ñëîÿ �òåñòî-

âûõ� ôóíêöèé è êóñî÷íî-ëèíåéíûõ �ïðîáíûõ� ôóíêöèé íà ñåòêå

òèïà ïîñòðîåííîé â [5]. Â ýòîé ðàáîòå óñòàíîâëåíî (íî ïðè ñóùå-

ñòâåííîì îãðàíè÷åíèè ε| ln ε| < c/N !), ÷òî ïîëó÷åííîå ïðèáëè-

æåííîå ðåøåíèå èìååò òî÷íîñòü O(N−2).

Ïåðâîé ñõåìîé íå ïîäãîíî÷íîãî òèïà äëÿ îáñóæäàåìîãî óðàâ-

íåíèÿ, èìåþùåé ðàâíîìåðíóþ ïî ïàðàìåòðó ñõîäèìîñòü ïî÷òè

âòîðîãî ïîðÿäêà, áûëà ñõåìà èç ðàáîòû [2] ñ îöåíêîé òî÷íîñòè

O(N−2 ln2N). Â ýòîé ðàáîòå áûëà èñïîëüçîâàíà ïðåäëîæåííàÿ â

[37] ñãóùàþùàÿñÿ â ïîãðàíè÷íîì ñëîå êóñî÷íî-ðàâíîìåðíàÿ ñåòêà
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âèäà

Ω = {xi | xi = ih, i = 0, . . . , n;

xi = xn + (i− n)H, i = n+ 1, . . . , N ;

h = δ/n, H = (1− δ)/(N − n), δ = min(Cε lnN,A)}.
(2)

Ýòà ñåòêà ñãóùàþùàåòñÿ â îêðåñòíîñòè òî÷êè x = 0 è èìååò îäè-

íàêîâûå ïî ïîðÿäêó ÷èñëî n ìåëêèõ è ÷èñëî (N − n) êðóïíûõ

øàãîâ. Ïàðàìåòð C ñåòêè îïðåäåëÿåòñÿ êîýôôèöèåíòàìè óðàâíå-

íèÿ, à ÷èñëî A ∈ (0, 1) ïðîèçâîëüíî.

Â ñàìîé ðàáîòå [37] ýòà ñåòêà è åé ïîäîáíûå áûëè ðàçðàáîòà-

íû ïðè ïîñòðîåíèè ðàâíîìåðíî ïî ìàëîìó ïàðàìåòðó ñõîäÿùèõ-

ñÿ ðàçíîñòíûõ ñõåì äëÿ øèðîêîãî êëàññà ñèíãóëÿðíî âîçìóùåí-

íûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîäíûìè.

Òî÷íîñòü ïîñòðîåííûõ â [37] ñõåì íå ïðåâîñõîäèò O(N−1 lnN) è

îáúÿñíÿåòñÿ ýòî èñïîëüçóåìûì òàì ïðè èññëåäîâàíèè ñõîäèìîñòè

ìàòåìàòè÷åñêèì àïïàðàòîì (ïðèíöèï ìàêñèìóìà äëÿ ðàçíîñòíûõ

óðàâíåíèé). ×òîáû óäîâëåòâîðèòü ïðèíöèïó ìàêñèìóìà, äèôôå-

ðåíöèàëüíûå óðàâíåíèÿ, ñîäåðæàùèå ÷ëåíû ñ ïåðâûìè ïðîèçâîä-

íûìè àïïðîêñèìèðóþòñÿ òðåõòî÷å÷íûìè ðàçíîñòíûìè ñõåìàìè ñ

îäíîñòîðîííåé àïïðîêñèìàöèåé ïåðâûõ ïðîèçâîäíûõ � ñõåìàìè

ïåðâîãî ïîðÿäêà. Ñîîòâåòñòâåííî è óñòàíîâëåííûé ïîðÿäîê ñõî-

äèìîñòè òàêèõ ñõåì íå âûøå åäèíèöû.

Òàêèì îáðàçîì íåñìîòðÿ íà íàëè÷èå áîëüøîãî êîëè÷åñòâà ðà-

áîò â îáëàñòè ÷èñëåííûõ ìåòîäîâ äëÿ ñèíãóëÿðíî âîçìóùåííûõ

çàäà÷, íåêîòîðûå âàæíûå âîïðîñû îñòàþòñÿ íåðàññìîòðåííûìè.

Â ÷àñòíîñòè, êàæåòñÿ öåëåñîîáðàçíûì èññëåäîâàòü íà ñåòêàõ, ïî-
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äîáíûõ (2), êëàññè÷åñêèå ðàçíîñòíûå ñõåìû âòîðîãî ïîðÿäêà àï-

ïðîêñèìàöèè è ñ ïîìîùüþ áîëåå òîíêèõ ìåòîäîâ (ìàòåìàòè÷åñêèé

àïïàðàò ôóíêöèé Ãðèíà [29, 30, 2]) ïîëó÷èòü ðàâíîìåðíûå ïî ïà-

ðàìåòðó îöåíêè ñõîäèìîñòè ýòèõ ñõåì.

Öåëüþ äàííîé äèññåðòàöèè ÿâëÿåòñÿ èññëåäîâàíèå ðàçíîñòíûõ

ñõåì ñ òî÷êè çðåíèÿ èõ ïðèìåíèìîñòè äëÿ ðåøåíèÿ ñèíãóëÿðíî

âîçìóùåííûõ êðàåâûõ çàäà÷ äëÿ îáûêíîâåííûõ äèôôåðåíöèàëü-

íûõ óðàâíåíèé âòîðîãî ïîðÿäêà, âûðîæäàþùèõñÿ â äèôôåðåíöè-

àëüíûå óðàâíåíèÿ ïåðâîãî ïîðÿäêà, íà÷àëüíî-êðàåâûõ çàäà÷ äëÿ

ïàðàáîëè÷åñêèõ óðàâíåíèé ñ îäíîé ïðîñòðàíñòâåííîé ïåðåìåííîé,

è äâóìåðíûõ ýëëèïòè÷åñêèõ êðàåâûõ çàäà÷ è îáîñíîâàíèå ðàâíî-

ìåðíîé îòíîñèòåëüíî ìàëîãî ïàðàìåòðà ñõîäèìîñòè ýòèõ ñõåì íà

ñãóùàþùèõñÿ ñåòêàõ â ñìûñëå ñåòî÷íîé íîðìû Lh
∞.

Íàó÷íàÿ íîâèçíà äèññåðòàöèè çàêëþ÷àåòñÿ â ñëåäóþùåì:

� Äëÿ ñèíãóëÿðíî âîçìóùåííîãî îáûêíîâåííîãî äèôôåðåíöè-

àëüíîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà, âûðîæäàþùåãîñÿ â äèôôå-

ðåíöèàëüíîå óðàâíåíèå ïåðâîãî ïîðÿäêà, óñòàíîâëåíî, ÷òî òðåõ-

òî÷å÷íàÿ ðàçíîñòíàÿ ñõåìà ñ öåíòðàëüíî-ðàçíîñòíîé àïïðîêñèìà-

öèåé ïåðâîé ïðîèçâîäíîé è ÷åòûðåõòî÷å÷íàÿ ñõåìà ñ ÷åòûðåõ-

òî÷å÷íîé íåñèììåòðè÷íîé (íàïðàâëåííîé) àïïðîêñèìàöèåé ïåð-

âîé ïðîèçâîäíîé íà ñãóùàþùåéñÿ â ïîãðàíè÷íîì ñëîå êóñî÷íî-

ðàâíîìåðíîé ñåòêå èìåþò ðàâíîìåðíóþ ïî ìàëîìó ïàðàìåòðó òî÷-

íîñòü O(N−2 ln2N), ãäå N � ÷èñëî óçëîâ ñåòêè.

� Äëÿ îäíîìåðíîãî íåñòàöèîíàðíîãî óðàâíåíèÿ êîíâåêöèè-
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äèôôóçèè óñòàíîâëåíî, ÷òî äâóõñëîéíàÿ ðàçíîñòíàÿ ñõåìà ñ âåñîì

σ ≥ 0.5 íà ñãóùàþùåéñÿ â ïîãðàíè÷íîì ñëîå ñåòêå ñõîäèòñÿ ðàâ-

íîìåðíî ïî ìàëîìó ïàðàìåòðó â ñìûñëå ñåòî÷íîé íîðìû Lh
∞ ñî

ñêîðîñòüþ O(N−2 ln2N + (σ − 0.5)τ + τ 2), ãäå N � ÷èñëî óçëîâ

ñåòêè ïî ïðîñòðàíñòâó, τ � øàã ïî âðåìåíè.

� Äëÿ ñèíãóëÿðíî âîçìóùåííîãî ýëëèïòè÷åñêîãî óðàâíåíèÿ

âòîðîãî ïîðÿäêà â ïîëîñå ñ óñëîâèÿìè ïåðèîäè÷íîñòè ïî îä-

íîé èç ïåðåìåííûõ ( y ) óñòàíîâëåíî, ÷òî ðàçíîñòíàÿ ñõåìà ñ

öåíòðàëüíî-ðàçíîñòíîé àïïðîêñèìàöèåé ïåðâîé ïðîèçâîäíîé íà

ñãóùàþùåéñÿ â ïîãðàíè÷íîì ñëîå ñåòêå ñõîäèòñÿ ðàâíîìåðíî ïî

ìàëîìó ïàðàìåòðó â ñìûñëå ñåòî÷íîé íîðìû Lh
∞ ñî ñêîðîñòüþ

O
(
(N−2 ln2N + N̄−2)

√
ln N̄

)
, ãäå N è N̄ � ÷èñëî óçëîâ ïî íàïðàâ-

ëåíèÿì x è y ñîîòâåòñòâåííî.

Äèññåðòàöèÿ ñîñòîèò èç ââåäåíèÿ, òðåõ ãëàâ è ñïèñêà öèòèðî-

âàííîé ëèòåðàòóðû.

Ãëàâà 1 ïîñâÿùåíà ðàçíîñòíûì ñõåìàì äëÿ îáûêíîâåííûõ äèô-

ôåðåíöèàëüíûõ óðàâíåíèé âòîðîãî ïîðÿäêà ñ ìàëûì ïàðàìåòðîì

â âèäå ìíîæèòåëÿ ïðè ñòàðøåé ïðîèçâîäíîé, âûðîæäàþùèõñÿ â

äèôôåðåíöèàëüíûå óðàâíåíèÿ ïåðâîãî ïîðÿäêà. Â �1 äëÿ çàäà÷è

Lu ≡ −ε(p(x)u′)′ − r(x)u′ + q(x)u = f(x), 0 < x < 1,

u(0) = g0, u(1) = g1,
(3)

ãäå

p(x) ≥ p0 = const > 0, r(x) ≥ r0 = const > 0, q(x) ≥ 0, (4)
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à ε ∈ (0, 1] � ìàëûé ïàðàìåòð, èññëåäóåòñÿ ðàçíîñòíàÿ ñõåìà(
Lhuh

)
i
≡ −ε

(
phuhx̄

)
x̂,i

− rhi u
h
◦
x,i

+ qhi u
h
i = fhi , i = 1, . . . , N − 1,

uh0 = g0, uhN = g1,

(5)

ñ öåíòðàëüíî-ðàçíîñòíîé àïïðîêñèìàöèåé ïåðâîé ïðîèçâîäíîé

uh◦
x,i

=
uhi+1 − uhi−1

2h̄i
.

Èçâåñòíî, ÷òî åñëè çíà÷åíèå ïàðàìåòðà ε ìàëî, òî ÷èñëåííîå ðå-

øåíèå, ïîëó÷àåìîå ïî ýòîé ñõåìå íà ðàâíîìåðíîé ñåòêå, èìååò âèä

<ïèëû> áîëüøîé àìïëèòóäû. Îñíîâíîé ðåçóëüòàò ïàðàãðàôà �

Ò å î ð å ì à 1.1.1. Ïóñòü u(x) � ðåøåíèå çàäà÷è (3),(4) ñ

äîñòàòî÷íî ãëàäêèìè êîýôôèöèåíòàìè è ïðàâîé ÷àñòüþ, à uh

� ðåøåíèå (5) íà ñåòêå Ω (2). Òîãäà, åñëè ïàðàìåòð C ñåòêè Ω

óäîâëåòâîðÿåò óñëîâèþ

C > 2p(0)/r(0), (6)

à N ≥ N0(p(x), r(x)), òî

max
i

∣∣u(xi)− uh(xi)
∣∣ = O(N−2 ln2N)

ðàâíîìåðíî ïî ε.

Äëÿ äîêàçàòåëüñòâà ýòîé òåîðåìû â ÿâíîì âèäå ñòðîèòñÿ ôóíê-

öèÿ Ãðèíà ñåòî÷íîé çàäà÷è (5) íà ñåòêå Ω èç (2) ïðè q(x) ≡ 0 è

äîêàçûâàåòñÿ åå ðàâíîìåðíàÿ ïî ε îãðàíè÷åííîñòü.
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Â �2 ãëàâû 1 äëÿ îáûêíîâåííîãî äèôôåðåíöèàëüíîãî óðàâíå-

íèÿ ñ <äèâèðãåíòíûì> âèäîì ÷ëåíà ñ ïåðâîé ïðîèçâîäíîé

Lu ≡ −ε(p(x)u′)′ − (r(x)u)′ = f(x), (7)

êîýôôèöèåíòû êîòîðîãî óäîâëåòâîðÿþò (4), èññëåäóþòñÿ íåñèì-

ìåòðè÷íûå ÷åòûðåõòî÷å÷íûå ñõåìû âèäà

(L̄hūh)i ≡ −ε
(
phūhx̄

)
x̂,i

−
(
rhūh

)
◦
x,i

+
(
αihih̄i(r

hūh)x̄x̂
)
x̂,i

= fhi .

Ýòè ñõåìû îòëè÷àþòñÿ îò ñõåìû ñ öåíòðàëüíîé ðàçíîñòüþ äîïîë-

íèòåëüíûì ÷ëåíîì ñ òðåòüåé ðàçíîñòíîé ïðîèçâîäíîé, êîýôôèöè-

åíò ïðè êîòîðîì αi âûáèðàåòñÿ òàêèì îáðàçîì, ÷òîáû ñõåìû áûëè

ìîíîòîííû â ñìûñëå íåîòðèöàòåëüíîñòè êîðíåé õàðàêòåðèñòè÷å-

ñêîãî ìíîãî÷ëåíà:

ëèáî

αi = 0.5,

ëèáî

αi = max

{
0; 0.5− εphi

hirhi−1

}
.

Óñòàíîâëåíî (òåîðåìû 1.2.2 è 1.2.6, àíàëîãè÷íûå òåîðåìå 1.1.1),

÷òî íà ñãóùàþùåéñÿ â ïîãðàíè÷íîì ñëîå êóñî÷íî-ðàâíîìåðíîé

ñåòêå Ω èç (2), ïàðàìåòð C êîòîðîé óäîâëåòâîðÿåò óñëîâèþ (6),

îáå èññëåäóåìûå ñõåìû ñõîäÿòñÿ ðàâíîìåðíî ïî ε ñî ñêîðîñòüþ

O(N−2 ln2N), ãäå N � ÷èñëî óçëîâ ñåòêè.

Ïîñêîëüêó L̄h íå äàåò ñêîëüêî-íèáóäü ðàçóìíîãî ñîïðÿæåííîãî

îïåðàòîðà, ïðè α = 0.5 îí ìîäèôèöèðóåòñÿ â óçëàõ i = 1, n−1, n â
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îïåðàòîð L̃h òàêèì îáðàçîì, ÷òîáû ñ îäíîé ñòîðîíû ñîõðàíÿëîñü

ñâîéñòâî ðàâíîìåðíîé ïî ïàðàìåòðó ñõîäèìîñòè (òåîðåìà 1.2.4,

àíàëîãè÷íàÿ òåîðåìå 1.1.1), è â òî æå âðåìÿ ïîäîáíî òîìó, êàê

ïðè ïîñòîÿííûõ êîýôôèöèåíòàõ è çàìåíå x′ = 1 − x ñîïðÿæåí-

íûé äèôôåðåíöèàëüíîìó îïåðàòîðó L èç (7) îïåðàòîð L∗ îáðàùà-

åòñÿ â L, ñîïðÿæåííûé ðàçíîñòíîìó îïåðàòîðó L̃h îïåðàòîð L̃h∗

îáðàùàëñÿ â L̃h. Òîãäà äëÿ ñõåìû ñ îïåðàòîðîì L̃h∗ èìååò ìåñòî

òåîðåìà, àíàëîãè÷íàÿ òåîðåìå 1.1.1 (çàìå÷àíèå 1.2.1).

Ãëàâà 2 ïîñâÿùåíà ðàçíîñòíûì ñõåìàì äëÿ ñèíãóëÿðíî âîçìó-

ùåííûõ ïàðàáîëè÷åñêèõ óðàâíåíèé, âûðîæäàþùèõñÿ ïðè ε = 0 â

ãèïåðáîëè÷åñêèå óðàâíåíèÿ ïåðâîãî ïîðÿäêà. Â �1 ðàññìàòðèâà-

åòñÿ íà÷àëüíî-êðàåâàÿ çàäà÷à äëÿ îäíîìåðíîãî íåñòàöèîíàðíîãî

óðàâíåíèÿ êîíâåêöèè-äèôôóçèè

u̇+ Lu = f(x, t), 0 < x < 1, 0 < t ≤ T,

u(0, t) = µ1(t), u(1, t) = µ2(t), 0 < t ≤ T,

u(x, 0) = φ(x), 0 ≤ x ≤ 1,

(8)

ãäå L � ñòàöèîíàðíûé äèôôåðåíöèàëüíûé îïåðàòîð (3),(4) ñ ìà-

ëûì ïàðàìåòðîì ε ∈ (0, 1] ïðè ñòàðøåé ïðîèçâîäíîé. Ïðåäïîëà-

ãàåòñÿ, ÷òî â òî÷êàõ (x = 0, t = 0) è (x = 1, t = 0) âûïîë-

íÿþòñÿ óñëîâèÿ ñîãëàñîâàíèÿ [22], îáåñïå÷èâàþùèå äîñòàòî÷íóþ

ãëàäêîñòü ðåøåíèÿ. Çàäà÷à (8) àïïðîêñèìèðóåòñÿ íà ñåòêå Ω×ωτ

(Ω � êóñî÷íî-ðàâíîìåðíàÿ ñåòêà (2), ωτ � ðàâíîìåðíàÿ ñåòêà ïî

âðåìåíè ñ øàãîì τ = T/K) äâóõñëîéíîé ðàçíîñòíîé ñõåìîé ñ âå-

ñàìè
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[
uht + Lhuh,σ

]j
i
= fh,ji , i = 1, . . . , N − 1, j = 0, . . . , K − 1,

uh,j0 = µ1(tj), uh,jN = µ2(tj), j = 0, . . . , K,

uh,0i = φh
i , i = 0, . . . , N,

(9)

ãäå σ ∈ [0.5, 1] � ïàðàìåòð ñõåìû, à Lh � òðåõòî÷å÷íûé ðàçíîñò-

íûé îïåðàòîð (5) ñ àïïðîêñèìàöèåé ïåðâîé ïðîèçâîäíîé ïî ïðî-

ñòðàíñòâó öåíòðàëüíûì ðàçíîñòíûì îòíîøåíèåì. Îñíîâíîé ðå-

çóëüòàò ïàðàãðàôà � òåîðåìà 2.1.1, ñîãëàñíî êîòîðîé íà ñãóùà-

þùåéñÿ â ïîãðàíè÷íîì ñëîå ñåòêå Ω × ωτ , ïàðàìåòð C êîòîðîé

óäîâëåòâîðÿåò óñëîâèþ (6), ñõåìà (9) ñ íà÷àëüíûì óñëîâèåì

Lh
εφ

h = (Lεφ) (xi), i = 1, . . . , N − 1, φh
0 = φ(0), φh

N = φ(1),

èìååò ïðè σ ≥ 0.5 ðàâíîìåðíóþ ïî ïàðàìåòðó òî÷íîñòü

O(N−2 ln2N + (σ − 0.5)τ + τ 2) â ñìûñëå ñåòî÷íîé íîðìû Lh
∞, ãäå

σ � ïàðàìåòð ñõåìû, N � ÷èñëî óçëîâ ñåòêè ïî ïðîñòðàíñòâó, τ

� øàã ïî âðåìåíè. Äëÿ äîêàçàòåëüñòâà òåîðåìû 1) óñòàíàâëèâà-

åòñÿ óñòîé÷èâîñòü ñõåìû ñ âåñàìè ïðè σ ≥ 0.5 â ñåòî÷íîé íîðìå

Lh
2 (òåîðåìà 2.1.2); 2) èñïîëüçóåòñÿ äîêàçàííàÿ â �1 ãëàâû 1 îãðà-

íè÷åííîñòü ôóíêöèè Ãðèíà ñòàöèîíàðíîãî îïåðàòîðà Lh èç (5)

(òåîðåìà 1.1.3).

Ãëàâà 3 ïîñâÿùåíà ðàçíîñòíûì ñõåìàì äëÿ ñèíãóëÿðíî âîçìó-

ùåííûõ ýëëèïòè÷åñêèõ óðàâíåíèé. Â �1 äëÿ êóñî÷íî-ëèíåéíûõ

íåïðåðûâíûõ ôóíêöèé, çàäàííûõ íà òðèàíãóëÿöèè Th îáëàñòè

Ω ⊂ R2 ñ êóñî÷íî-ãëàäêîé ãðàíèöåé, óñòàíîâëåíî (òåîðåìà 3.1.1),
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÷òî èõ íîðìû â C(Ω̄) îãðàíè÷åíû íîðìàìè â W 1
2 (Ω), óìíîæåí-

íûìè íà c| lnh|1/2, ãäå h � äèàìåòð íàèìåíüøåãî èç òðåóãîëü-

íèêîâ τ ∈ Th, à c = c(Ω) � íåêîòîðàÿ ïîñòîÿííàÿ. Êâàçèðàâíî-

ìåðíîñòü òðèàíãóëÿöèè Th íå ïðåäïîëàãàåòñÿ. Ýòîò ðåçóëüòàò èñ-
ïîëüçóåòñÿ â �2 ïðè èññëåäîâàíèè ðàçíîñòíîé ñõåìû ñ öåíòðàëüíî-

ðàçíîñòíîé àïïðîêñèìàöèåé ïåðâîé ïðîèçâîäíîé äëÿ ñèíãóëÿðíî

âîçìóùåííîãî ýëëèïòè÷åñêîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà â ïî-

ëîñå [0, 1] × (−∞,∞) ñ óñëîâèÿìè ïåðèîäè÷íîñòè ïî ïåðåìåííîé

y. Ïîêàçàíî (òåîðåìà 3.2.1), ÷òî íà ñãóùàþùåéñÿ â ïîãðàíè÷íîì

ñëîå êóñî÷íî-ðàâíîìåðíîé ñåòêå èññëåäóåìàÿ ñõåìà ñõîäèòñÿ ðàâ-

íîìåðíî ïî ìàëîìó ïàðàìåòðó â ñìûñëå ñåòî÷íîé íîðìû Lh
∞ ñî

ñêîðîñòüþ O
(
(N−2 ln2N + N̄−2)

√
ln N̄

)
, ãäå N è N̄ � ÷èñëî óç-

ëîâ ïî íàïðàâëåíèÿì x è y ñîîòâåòñòâåííî.

Òî÷íîñòü èññëåäîâàííûõ ñõåì èëëþñòðèðóåòñÿ ÷èñëåííûìè ðå-

çóëüòàòàìè è ðèñóíêàìè.

Â äèññåðòàöèè èñïîëüçîâàíà äâóõïîçèöèîííàÿ íóìåðàöèÿ óòâåð-

æäåíèé, ôîðìóë è òàáëèö, ïðè ýòîì ïåðâîå ÷èñëî óêàçûâàåò íà

íîìåð ïàðàãðàôà. Ïðè ññûëêå íà ôîðìóëó èëè óòâåðæäåíèå èç

äðóãîé ãëàâû èñïîëüçóåòñÿ òðåõïîçèöèîííàÿ íóìåðàöèÿ, ïðè ýòîì

ïåðâîå ÷èñëî óêàçûâàåò íà íîìåð ãëàâû, à âòîðîå íà íîìåð ïàðà-

ãðàôà.
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Ãëàâà 1.

Ðàçíîñòíûå ñõåìû äëÿ îáûêíîâåííûõ

äèôôåðåíöèàëüíûõ óðàâíåíèé âòîðîãî

ïîðÿäêà ñ ìàëûì ïàðàìåòðîì ïðè

ñòàðøåé ïðîèçâîäíîé

�1. Ðàçíîñòíàÿ ñõåìà ñ àïïðîêñèìàöèåé

ïåðâîé ïðîèçâîäíîé öåíòðàëüíûì ðàç-

íîñòíûì îòíîøåíèåì

Â ýòîì ïàðàãðàôå äëÿ îáûêíîâåííîãî äèôôåðåíöèàëüíîãî óðàâ-

íåíèÿ âòîðîãî ïîðÿäêà, ñîäåðæàùåãî ìàëûé ïàðàìåòð â âèäå ìíî-

æèòåëÿ ïðè ñòàðøåé ïðîèçâîäíîé, èññëåäóåòñÿ êëàññè÷åñêàÿ ðàç-

íîñòíàÿ ñõåìà, èñïîëüçóþùàÿ äëÿ àïïðîêñèìàöèè ïåðâîé ïðî-

èçâîäíîé öåíòðàëüíîå ðàçíîñòíîå îòíîøåíèå. Ïóòåì äåòàëüíîãî

àíàëèçà ôóíêöèè Ãðèíà ñåòî÷íîé çàäà÷è óñòàíîâëåíî, ÷òî íà ñãó-

ùàþùåéñÿ â ïîãðàíè÷íîì ñëîå êóñî÷íî-ðàâíîìåðíîé ñåòêå èññëå-

äóåìàÿ ñõåìà ðàçðåøèìà è èìååò ðàâíîìåðíóþ ïî ìàëîìó ïàðà-

ìåòðó òî÷íîñòü O(N−2 ln2N), ãäå N � ÷èñëî óçëîâ ñåòêè.
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Äëÿ ñèíãóëÿðíî âîçìóùåííîãî îáûêíîâåííîãî äèôôåðåíöè-

àëüíîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà ðàññìîòðèì ïðîñòåéøóþ äâóõ-

òî÷å÷íóþ êðàåâóþ çàäà÷ó

Lu ≡ −ε(p(x)u′)′ − r(x)u′ + q(x)u = f(x), 0 < x < 1,

u(0) = g0, u(1) = g1,
(1.1)

ãäå

p(x) ≥ p0 = const > 0, r(x) ≥ r0 = const > 0, q(x) ≥ 0, (1.2)

à ε ∈ (0, 1] � ìàëûé ïàðàìåòð. Õîðîøî èçâåñòíî [11], ÷òî ïðè

ε→ 0 ðåøåíèå ýòîé çàäà÷è ñõîäèòñÿ íà ïîëóèíòåðâàëå 0 < x ≤ 1

ê ðåøåíèþ âûðîæäåííîé çàäà÷è

−r(x)v′ + q(x)v = f(x), v(1) = g1,

à ïðè ìàëûõ ε íåèñïîëüçîâàííîå â âûðîæäåííîé çàäà÷å ãðàíè÷-

íîå óñëîâèå ïðèâîäèò ê îáðàçîâàíèþ â îêðåñòíîñòè òî÷êè x = 0

òàê íàçûâàåìîãî ïîãðàíè÷íîãî ñëîÿ, ãäå ðåøåíèå u(x) èñõîäíîé

çàäà÷è (1.1) ïðåòåðïåâàåò ñèëüíûå èçìåíåíèÿ.

Ïóñòü

ω̄ = {xi | 0 = x0 < x1 < . . . < xN−1 < xN = 1 } (1.3)

� ïðîèçâîëüíàÿ íåðàâíîìåðíàÿ ñåòêà íà [0, 1]. Îáîçíà÷èì, êàê

îáû÷íî,

hi = xi − xi−1, h̄i =
hi + hi+1

2
, vx,i =

vi+1 − vi
hi+1

,

vx̄,i =
vi − vi−1

hi
, vx̂,i =

vi+1 − vi
h̄i

, vx̌,i =
vi − vi−1

h̄i

(1.4)
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è ïîñòðîèì íà ñåòêå ω̄ êëàññè÷åñêóþ àïïðîêñèìàöèþ çàäà÷è (1.1)

−ε
(
phuhx̄

)
x̂,i

− rhi
(
σuhx̂ + (1− σ)uhx̌

)
i
+ qhi u

h
i = fhi , i = 1, . . . , N − 1,

uh0 = g0, uhN = g1,

(1.5)

ãäå σ = const � ïàðàìåòð ñõåìû, à

phi = p(xi − hi/2), rhi = r(xi), qhi = q(xi), fhi = f(xi). (1.6)

Èçâåñòíî (ñì., íàïðèìåð, [29]), ÷òî åñëè ñåòêà ω̄ ÿâëÿåòñÿ ðàâ-

íîìåðíîé, ò. å. âñå hi = h = 1/N , òî íà ãëàäêèõ ðåøåíèÿõ óðàâíå-

íèÿ (1.1) ðàçíîñòíàÿ ñõåìà (1.5) ïðè σ = 1/2 èìååò ïîãðåøíîñòü

àïïðîêñèìàöèè O(h2), â òî âðåìÿ êàê ïðè σ = 1 åå ïîãðåøíîñòü

åñòü ëèøü O(h). Îäíàêî ïðè σ = 1 íà ïðîèçâîëüíîé ñåòêå ïðè ìà-

ëûõ ε ñõåìà (1.5) ìîíîòîííà, ò. å. îáëàäàåò ïðèíöèïîì ìàêñèìóìà

[29], à ïðè σ = 1/2 ïðèíöèï ìàêñèìóìà äëÿ (1.5) èìååò ìåñòî ëèøü

ïðè óñëîâèè, ÷òî ïàðàìåòð ε íå ñëèøêîì ìàë ïî ñðàâíåíèþ ñ hi.

Îòñóòñòâèå ïðèíöèïà ìàêñèìóìà ó ñõåìû (1.5) ïðè σ = 1/2 ïðèâî-

äèò ê òîìó, ÷òî åå ðåøåíèå ïðèîáðåòàåò <ïèëîîáðàçíûé> âèä. Â

ñèëó ýòîãî îáñòîÿòåëüñòâà óêàçàííàÿ ñõåìà â ñðåäå âû÷èñëèòåëåé-

ïðèêëàäíèêîâ ïîëüçóåòñÿ äóðíîé ñëàâîé. Ñëåäóåò îäíàêî îòìå-

òèòü, ÷òî åñëè ïðè ìàëûõ ε ñåòêà ω̄ íå ïðèñïîñîáëåíà ñïåöèàëü-

íûì îáðàçîì ê ðåøåíèþ çàäà÷è (1.1), òî ñõåìà (1.5) íå îáëàäàåò

ðàâíîìåðíîé ïî ε ñõîäèìîñòüþ íè ïðè σ = 1/2, íè ïðè σ = 1. È

òåì íå ìåíåå íåêîòîðûì óòåøèòåëüíûì äîâîäîì â ïîëüçó ñõåìû

(1.5) ñ σ = 1 ìîæåò ñëóæèòü óñòàíîâëåííûé â [40] ôàêò, ÷òî âíå

ïîãðàíñëîÿ íà ðàâíîìåðíîé ñåòêå ω̄ îíà ñõîäèòñÿ ñî ñêîðîñòüþ
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O(h). Ïðè σ = 1/2 ñõåìà (1.5) ýòèì ñâîéñòâîì íå îáëàäàåò, â ÷åì

ìîæíî óáåäèòüñÿ íà ïðîñòûõ ïðèìåðàõ.

Ðàâíîìåðíàÿ ïî ε ñõîäèìîñòü ñõåìû (1.5) íà âñåé ñåòêå âïåðâûå

áûëà èññëåäîâàíà â [37], ãäå áûëà ââåäåíà êóñî÷íî-ðàâíîìåðíàÿ

ñåòêà

Ω = {xi | xi = ih, i = 1, . . . , n;

xi = xn + (i− n)H, i = n+ 1, . . . , N − 1;

h = δ/n, H = (1− δ)/(N − n), δ = min(Cε lnN,A),

N/n = B = O(1), 0 < A < 1 },

(1.7)

ñãóùàþùàÿñÿ â ïîãðàíè÷íîì ñëîå, è äîêàçàíî, ÷òî ñõåìà (1.5) ïðè

σ = 1 íà ñåòêå (1.7) ïðè C > p(0)/r(0) ðàâíîìåðíî ïî ε ñõîäèòñÿ

â ñìûñëå ñåòî÷íîé íîðìû C(Ω) ñî ñêîðîñòüþ O(N−1 ln2N). Â [2]

áûëà ïîñòðîåíà ìîäèôèêàöèÿ ìîíîòîííîé ñõåìû Ñàìàðñêîãî [29]

è íà ñåòêå (1.7) ïðè C > 2p(0)/r(0) äîêàçàíà åå ðàâíîìåðíàÿ ïî ε

ñõîäèìîñòü ñî ñêîðîñòüþ O(N−2 ln2N) â òîé æå íîðìå.

Íàìè çäåñü áóäåò èññëåäîâàíà íà òîé æå ñåòêå (1.7) ñõåìà (1.5)

ïðè σ = 1/2. Ïåðåïèøåì åå â âèäå(
Lhuh

)
i
≡ −ε

(
phuhx̄

)
x̂,i

− rhi u
h
◦
x,i

+ qhi u
h
i = fhi , i = 1, . . . , N − 1,

uh0 = g0, uhN = g1,

(1.8)

ãäå

v◦
x,i

=
vi+1 − vi−1

2h̄i
(1.9)

� öåíòðàëüíîå ðàçíîñòíîå îòíîøåíèå. Èìååò ìåñòî
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Ò å î ð å ì à 1.1. Ïóñòü u(x) � ðåøåíèå çàäà÷è (1.1),(1.2)

ñ äîñòàòî÷íî ãëàäêèìè êîýôôèöèåíòàìè è ïðàâîé ÷àñòüþ, à uh

� ðåøåíèå (1.8),(1.6) íà ñåòêå Ω (1.7). Òîãäà, åñëè ïàðàìåòð C

ñåòêè Ω óäîâëåòâîðÿåò óñëîâèþ

C > 2p(0)/r(0), (1.10)

à N ≥ N0(p(x), r(x)), òî

max
i

∣∣u(xi)− uh(xi)
∣∣ = O(N−2 ln2N) (1.11)

ðàâíîìåðíî ïî ε.

Äîêàçàòåëüñòâó ýòîé òåîðåìû è ïîñâÿùåí íàñòîÿùèé ïàðà-

ãðàô.

1.1. Ñåòî÷íàÿ ôóíêöèÿ Ãðèíà

Êëþ÷îì ê äîêàçàòåëüñòâó òåîðåìû 1.1 ÿâëÿåòñÿ äîêàçàòåëü-

ñòâî ðàâíîìåðíîé ïî ε îãðàíè÷åííîñòè ôóíêöèè Ãðèíà G(xi, ξj)

çàäà÷è (1.8) íà ñåòêå Ω (1.7) ïðè q(x) ≡ 0, îïåðàòîð êîòîðîé áó-

äåì îáîçíà÷àòü ÷åðåç Lh
0 . Êàê ôóíêöèÿ xi ïðè ôèêñèðîâàííîì ξj

ôóíêöèÿ Ãðèíà îïðåäåëÿåòñÿ ñîîòíîøåíèÿìè

Lh
0G(xi, ξj) = δh(xi, ξj), xi ∈ Ω, ξj ∈ Ω, (1.12)

G(0, ξj) = G(1, ξj) = 0, ξj ∈ Ω, (1.13)

ãäå

δh(xi, ξj) =

{
h̄−1
i ïðè xi = ξj,

0 ïðè xi ̸= ξj
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� ñåòî÷íûé àíàëîã äåëüòà-ôóíêöèè Äèðàêà.

Äëÿ ñåòî÷íûõ ôóíêöèé u(xj) è v(xj), îïðåäåëåííûõ íà ω̄ è

îáðàùàþùèõñÿ â íóëü ïðè i = 0 è i = N , ââåäåì ñêàëÿðíîå ïðî-

èçâåäåíèå

(u, v) =
N−1∑
i=1

uivih̄i (1.14)

è íîðìû

||v||Lh
2 (ω̄)

= ||v|| =
√
(v, v),

||v||Lh
1 (ω̄)

= (|v|, 1),
||v||Lh

∞(ω̄) = max
i

|vi|,
(1.15)

êîòîðûå, î÷åâèäíî, ñâÿçàíû íåðàâåíñòâàìè

||v||Lh
1 (ω̄)

≤ ||v||Lh
2 (ω̄)

≤ ||v||Lh
∞(ω̄). (1.16)

Òîãäà, åñëè vh(xi) åñòü ðåøåíèå çàäà÷è (1.8) ñ îäíîðîäíûìè

ãðàíè÷íûìè óñëîâèÿìè vh(0) = vh(1) = 0, òî

vh(xi) = (G(xi, ξj), f
h(ξj)). (1.17)

Îáîçíà÷èì ÷åðåç Lh∗
0 ñåòî÷íûé îïåðàòîð, ñîïðÿæåííûé ê Lh

0

èç (1.8) â ñìûñëå ñêàëÿðíîãî ïðîèçâåäåíèÿ (1.14), ò. å.

(Lh
0u, v) = (u, Lh∗

0 v).

Ëåãêî ïðîâåðèòü, ÷òî(
Lh∗
0 v
)
j
≡ −ε

(
phvξ̄

)
ξ̂,j

+
(
rhv
)
◦
ξ,j
. (1.18)
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Îïåðàòîð Lh∗
0 ïîçâîëÿåò îïèñàòü ôóíêöèþ G(xi, ξj) êàê ôóíêöèþ

ξj ïðè ôèêñèðîâàííîì xi. Èìåííî

Lh∗
0 G(xi, ξj) = δh(ξj, xi), ξj ∈ Ω, xi ∈ Ω,

G(xi, 0) = G(xi, 1) = 0, xi ∈ Ω.
(1.19)

Ïîñòðîèì ôóíêöèþ G(xi, ξj) â ÿâíîì âèäå. Äëÿ ýòîãî ââåäåì

â ðàññìîòðåíèå ôóíêöèþ α(xi) = αi, êîòîðàÿ ÿâëÿåòñÿ ðåøåíèåì

ñëåäóþùåé ñåòî÷íîé çàäà÷è Êîøè:

Lh
0αi = 0, xi ∈ Ω, α0 = 0,

(
εph1 +

h1
2
rh0

)
αx,0 = 1. (1.20)

Ïîëàãàÿ çäåñü

ε
(
phαx̄

)
i
= wi, i = 1, . . . , N (1.21)

è ïðèíèìàÿ âî âíèìàíèå (1.8), íàéäåì, ÷òî wi óäîâëåòâîðÿåò ðå-

êóððåíòíîìó ñîîòíîøåíèþ

wi+1 − wi +
rhi
2

(
hi+1

εphi+1

wi+1 +
hi
εphi

wi

)
= 0. (1.22)

Îòñþäà

wi+1 = qiwi, (1.23)

ãäå

qi =

(
1− rhi hi

2εphi

)(
1 +

rhi hi+1

2εphi+1

)−1

, i = 1, . . . , N − 1, (1.24)

è ñëåäîâàòåëüíî

wi = w1

i−1∏
k=1

qk, i = 1, . . . , N.
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Äîîïðåäåëèì wi è qi ïðè i = 0, ïîëàãàÿ â (1.22) è (1.24) i = 0 è

h0 = 0. Òîãäà, ïðèíèìàÿ âî âíèìàíèå âòîðîå íà÷àëüíîå óñëîâèå

(1.20), áóäåì èìåòü

wi =
i−1∏
k=0

qk, i = 0, . . . , N. (1.25)

Èç (1.21) ñ ó÷åòîì ïåðâîãî íà÷àëüíîãî óñëîâèÿ (1.20) íàõîäèì

αi =
1

ε

i∑
l=1

wl

phl
hl, i = 0, . . . , N. (1.26)

Ïðèñòóïèì ê ïîñòðîåíèþ G(xi, ξj). Ïîñêîëüêó íàðÿäó ñ αi ðå-

øåíèåì óðàâíåíèÿ (1.20) ÿâëÿåòñÿ è ôóíêöèÿ ᾱi = const, òî ôóíê-

öèþ Ãðèíà ìîæíî èñêàòü â âèäå

G(xi, ξj) = c

{
Bjαi, i ≤ j,

(αN − αi)βj, i ≥ j.

Ýòà ôóíêöèÿ óäîâëåòâîðÿåò óðàâíåíèþ (1.12) ïðè xi ̸= ξj è ãðà-

íè÷íûì óñëîâèÿì (1.13). Èç òðåáîâàíèÿ îäíîçíà÷íîñòè ïðåäñòàâ-

ëåíèÿ ïðè i = j èìååì Bjαj = (αN − αj)βj è ñëåäîâàòåëüíî

G(xi, ξj) = c

{
αi(αN − αj)βj/αj, i ≤ j,

(αN − αi)βj, i ≥ j.
(1.27)

Äàëåå, ôóíêöèÿG(xi, ξj) ïî ïåðåìåííîé ξj óäîâëåòâîðÿåò óðàâ-

íåíèþ (1.19) è ñëåäîâàòåëüíî βj òàêîâà, ÷òî âìåñòå ñ β̄j = βj/αj

óäîâëåòâîðÿåò óðàâíåíèþ

Lh∗
0 vj = 0, ξj ∈ Ω. (1.28)
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Ïîñêîëüêó, ê òîìó æå, G(xi, 0) äîëæíà îáðàùàòüñÿ â íóëü, à

β0 = β̄0α0 = 0, òî ïóñòü

Lh∗
0 βj = 0, ξj ∈ Ω, β0 = 0, εph1βξ,0 −

h1
2

(
rhβ
)
ξ,0

= 1. (1.29)

Íàéäåì βj. Èç (1.28) è (1.18) ñëåäóåò, ÷òî

εphj+1vξ̄,j+1 −
(
rhj vj + rhj+1vj+1

)
/2 = const, j = 0, . . . , N − 1.

(1.30)

Åñëè const = 0, òî(
1−

rhj+1hj+1

2εphj+1

)
vj+1 =

(
1 +

rhj hj+1

2εphj+1

)
vj

èëè ñ ó÷åòîì (1.24)[
vj+1

(
1−

rhj+1hj+1

2εphj+1

)]−1

= qj

[
vj

(
1−

rhj hj

2εphj

)]−1

.

Ñðàâíèâàÿ ýòî ñîîòíîøåíèå ñ (1.23), çàêëþ÷àåì, ÷òî

vj = c

[
wj

(
1−

rhj hj

2εphj

)]−1

, j = 0, 1, . . . , N, (1.31)

ãäå wj îïðåäåëÿåòñÿ (1.25). Îòñþäà è èç (1.25) ñëåäóåò, ÷òî vj,

ÿâëÿÿñü ðåøåíèåì óðàâíåíèÿ (1.28), íå ìîæåò ïðåòåíäîâàòü íà

ðîëü βj � ðåøåíèÿ çàäà÷è (1.29), èáî òðåáîâàíèå v0 = 0 ïðèâîäèò

ê òîæäåñòâåííî íóëåâîìó ðåøåíèþ. Òåì ñàìûì, äëÿ vj ïîäõîäèò

ðîëü β̄j è ñëåäîâàòåëüíî ìîæíî ïîëîæèòü

βj = vjαj. (1.32)
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Ïîäñòàâëÿÿ òåïåðü (1.32) âî âòîðîå íà÷àëüíîå óñëîâèå (1.29) è

ïðèíèìàÿ âî âíèìàíèå (1.26) è (1.31), íàõîäèì, ÷òî ýòî óñëîâèå

áóäåò âûïîëíåíî, åñëè â (1.31) ïîëîæèòü c = 1.

Îñòàëîñü îïðåäåëèòü ïîñòîÿííóþ c â (1.27). Äëÿ ýòîãî ñëåäóåò

ïîäñòàâèòü (1.27) ïðè íàéäåííîé βj â (1.12) è ïîëîæèòü òàì i = j,

÷òî ïðèâåäåò ê çíà÷åíèþ c = αN
−1. Èòàê, ôóíêöèÿ ÃðèíàG(xi, ξj)

ïîëíîñòüþ îïðåäåëåíà è ìîæåò áûòü çàïèñàíà â âèäå

G(xi, ξj) =

[
wj

(
1−

rhj hj

2εphj

)
αN

]−1{
αi(αN − αj), i ≤ j,

(αN − αi)αj, i ≥ j.

(1.33)

Ç à ì å ÷ à í è å 1.1. Ðàçóìååòñÿ, ê ñîîòíîøåíèþ (1.32) ìîæíî

áûëî áû ïðèéòè áåç àïåëëÿöèè ê ôóíêöèè Ãðèíà ïðîñòî ðåøàÿ

óðàâíåíèå (1.30) ïðè const ̸= 0. Ðåøåíèå ýòîãî óðàâíåíèÿ ìîæíî

íàéòè â âèäå (1.31) ïðè c = cj ìåòîäîì âàðèàöèè ïîñòîÿííîé.

Ñëåäóåò îòìåòèòü, ÷òî ïðåäñòàâëåíèå ôóíêöèè Ãðèíà â âèäå

(1.33) âïîëíå êîððåêòíî òîëüêî åñëè [1− rhj hj/(2εp
h
j )] ̸= 0 íè ïðè

êàêîì ξj ∈ Ω. Â ïðîòèâíîì ñëó÷àå òðåáóþòñÿ äîïîëíèòåëüíûå

ïîÿñíåíèÿ. Ñäåëàåì èõ.

Äëÿ i ≤ j ââåäåì â ðàññìîòðåíèå ôóíêöèè

Wi,j =
wj

wi
=

j−1∏
k=i

qk (1.34)

è

Ai,j =
αj − αi−1

wi
=

1

ε

j∑
l=i

Wil

phl
hl, (1.35)
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ãäå wi è αi çàäàþòñÿ ñîîòíîøåíèÿìè (1.25) è (1.26) ñîîòâåòñòâåí-

íî. Î÷åâèäíî, ÷òî ïðè i ≤ m < j

Wi,j = Wi,mWm,j = Wi,mqmWm+1,j, (1.36)

à

Ai,j = Ai,m +Wi,m+1Am+1,j. (1.37)

Ïåðåïèøåì G(xi, ξj) èç (1.33) â òåðìèíàõ Wi,j è Ai,j. Ïîñêîëü-

êó â ñèëó (1.24)

wj

(
1−

rhj hj

2εphj

)
= wj+1

(
1 +

rhj hj+1

2εphj+1

)
,

òî ïîäñòàâëÿÿ ýòî ñîîòíîøåíèå â çíàìåíàòåëü (1.33) è ïðèíèìàÿ

âî âíèìàíèå (1.35) è (1.34), áóäåì èìåòü

G(xi, ξj)=

[(
1 +

rhj hj+1

2εphj+1

)
αN

]−1{
αiAj+1,N , i ≤ j,

αjAi+1,NWj+1,i+1, i ≥ j.
(1.38)

Ýòî ïðåäñòàâëåíèå G(xi, ξj) êîððåêòíî âíå çàâèñèìîñòè îò òîãî,

îáðàùàþòñÿ â íóëü êàêèå-ëèáî qj èëè íåò. Â äàëüíåéøåì ìû áóäåì

èñïîëüçîâàòü îáà ïðåäñòàâëåíèÿ ôóíêöèè Ãðèíà (1.33) è (1.38).

1.2. Âñïîìîãàòåëüíûå îöåíêè

Ïðåæäå ÷åì ïåðåõîäèòü ê íåïîñðåäñòâåííîé îöåíêå ôóíêöèè

G(xi, ξj) óñòàíîâèì íåêîòîðûå âñïîìîãàòåëüíûå îöåíêè. Ïîñêîëü-

êó êîýôôèöèåíòû p(x) è r(x) óðàâíåíèÿ (1.1) ïðåäïîëàãàþòñÿ

íåïðåðûâíûìè íà [0, 1], òî îíè òàì îãðàíè÷åíû. Ïóñòü

p(x) ≤ p̄, r(x) ≤ r̄. (1.39)
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Ë å ì ì à 1.1. Åñëè êîýôôèöèåíòû p(x) è r(x) óðàâíåíèÿ (1.1)

ïîä÷èíåíû íåðàâåíñòâàì (1.2), (1.39), q(x) ≡ 0, à äëÿ ÷èñëà óç-

ëîâ ñåòêè Ω âûïîëíåíî óñëîâèå

N > N1, ãäå N1 ≥ max

{
3,

r̄

2p0
BC lnN1

}
, (1.40)

òî ïðè i = 1, . . . , n ðåøåíèå çàäà÷è (1.20) ìîíîòîííî âîçðàñòàåò

è äëÿ íåãî ñïðàâåäëèâû îöåíêè

p0
p̄r̄

(1− ◦
q
i
) ≤ αi ≤

p̄

p0r0
(1− q̃i), i = 1, . . . , n, (1.41)

ãäå

◦
q =

(
1− hr̄

2εp0

)(
1 +

hr̄

2εp0

)−1

, q̃ =

(
1− hr0

2εp̄

)(
1 +

hr0
2εp̄

)−1

.

(1.42)

Ïðè ýòîì

0 <

◦
q
i−1

1 + hr̄/(2εp0)
≤ wi ≤

q̃i−1

1 + hr0/(2εp̄)
, i = 1, . . . , n. (1.43)

Ä î ê à ç à ò å ë ü ñ ò â î. Ïîêàæåì ñíà÷àëà, ÷òî ïðè ñäåëàííûõ

ïðåäïîëîæåíèÿõ
◦
q > 0. (1.44)

Èç (1.42) íàõîäèì, ÷òî (1.44) áóäåò âûïîëíåíî, åñëè

h <
2εp0
r̄
. (1.45)

Îöåíèì h. Ïî îïðåäåëåíèþ (1.7) h = δ/n = Bδ/N . Åñëè Cε lnN < A,

òî â ñèëó (1.7) δ = Cε lnN , à h = (BCε lnN)/N . Ïîñêîëüêó ôóíê-
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öèÿ N−1 lnN ïðè N ≥ 3 ÿâëÿåòñÿ óáûâàþùåé, òî ñ ó÷åòîì (1.40)

h <
BCε lnN1

N1
≤ 2εp0

r̄
.

Åñëè æå Cε lnN ≥ A, òî δ = A,

h =
AB

N
≤ BCε lnN

N

è ñíîâà ñ ó÷åòîì (1.40) ïðèõîäèì ê (1.45). Ïîëîæèòåëüíîñòü
◦
q

óñòàíîâëåíà.

Îöåíèâàÿ qk èç (1.24) ñ ó÷åòîì (1.6), (1.2) è (1.39) è ïðèíèìàÿ

âî âíèìàíèå (1.42) è (1.44), áóäåì èìåòü

0 <
◦
q ≤ qi ≤ q̃ < 1, i = 1, . . . , n− 1. (1.46)

Èñïîëüçîâàíèå ýòèõ íåðàâåíñòâ ïðè îöåíêå (1.25) ïðèâîäèò ê (1.43).

Â ñèëó (1.21) ìîíîòîííîå âîçðàñòàíèå α(xi) åñòü ñëåäñòâèå óæå äî-

êàçàííîé ïîëîæèòåëüíîñòè wi. Íàêîíåö, îöåíêè (1.41) ñëåäóþò èç

(1.26) è (1.43). Ëåììà äîêàçàíà.

Ë å ì ì à 1.2. Ïóñòü êîýôôèöèåíòû p(x) è r(x) óðàâíåíèÿ

(1.1) ñóòü íåïðåðûâíî äèôôåðåíöèðóåìûå ôóíêöèè, óäîâëåòâî-

ðÿþùèå óñëîâèÿì (1.2), (1.39) è

|p′(x)| ≤ c1, |r′(x)| ≤ c1, (1.47)

à q(x) ≡ 0. Åñëè ê òîìó æå ÷èñëî óçëîâ ñåòêè Ω äîñòàòî÷íî

âåëèêî, ò. å.

N ≥ N2 = N2(p, r), (1.48)
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(ñì. (1.64), (1.61)), òî ïðè j ≥ i ≥ n+ 1

|Wij| ≤
p̄

p0
, (1.49)

|Aij| ≤
p̄

p0r0

(
1 +

Hr0
2εp̄

)
c2, (1.50)

ãäå 1 ≤ c2 = c2(p, r) (ñì. (1.67)).

Ä î ê à ç à ò å ë ü ñ ò â î. Êîãäà k ïðîáåãàåò çíà÷åíèÿ îò

i ≥ n + 1 äî j − 1, ïîâåäåíèå ôóíêöèè qk èç (1.24) îïðåäåëÿåòñÿ

îäíèì èç ñëåäóþùèõ ñöåíàðèåâ: 10. qk îñòàåòñÿ ïîëîæèòåëüíîé

ïðè âñåõ k; 20. qk îñòàåòñÿ îòðèöàòåëüíîé ïðè âñåõ k; 30. qk

ìåíÿåò çíàê èëè îáðàùàåòñÿ â íóëü. Ðàññìîòðèì ýòè ñöåíàðèè ïî

îòäåëüíîñòè.

10. qk > 0 ïðè i ≤ k ≤ j − 1. Ïîñêîëüêó i ≥ n+ 1, òî

0 < qk =

(
1− Hrhk

2εphk

)(
1 +

Hrhk
2εphk+1

)−1

≤

≤
(
1− Hr0

2εp̄

)(
1 +

Hr0
2εp̄

)−1

≡ Q < 1,

(1.51)

è ñëåäîâàòåëüíî
0 < Wij ≤ Qj−i ≤ 1,

÷òî íå ïðîòèâîðå÷èò (1.49). Äàëåå,

0 ≤ Aij <
H

εp0

∞∑
l=i

Ql−i =
H

εp0

1

1−Q
=

p̄

p0r0

(
1 +

Hr0
2εp̄

)
, (1.52)

÷òî ñîâïàäàåò ñ (1.50) ïðè c2 = 1.

20. qk < 0 ïðè i ≤ k ≤ j − 1. Ïîñêîëüêó ïðè ëþáûõ ïîëîæè-

òåëüíûõ a è b äðîáü (−1 + a)/(1 + b) > −1, òî

0 > qk =
phk+1

phk

(
−1 +

2εphk
Hrhk

)(
1 +

2εphk+1

Hrhk

)−1

≥ −
phk+1

phk
(1.53)
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è ñëåäîâàòåëüíî

|Wij| ≤
phj
phi

≤ p̄

p0
,

÷òî ñîâïàäàåò ñ (1.49). Äàëåå, ñ ó÷åòîì (1.34), (1.35) íàõîäèì, ÷òî

Aij =
H

ε

[
1

phi
+

qi
phi+1

+ · · ·+
∏j−1

k=i qk

phj

]
= (1.54)

=
H

ε

[
1

phi+1

(
phi+1

phi
+ qi

)
+
qiqi+1

phi+3

(
phi+3

phi+2

+ qi+2

)
+

+ · · ·+
∏j−2

k=i qk

phj

(
1− (−1)j−i

2

phj
phj−1

+ qj−1

)]
.

Åñëè (j − i) � íå÷åòíîå ÷èñëî, òî â ñèëó (1.53) âûðàæåíèÿ â

êàæäîé êðóãëîé ñêîáêå ýòîé ñóììû ïîëîæèòåëüíû. Ïîëîæèòåëü-

íû è ìíîæèòåëè ïðè íèõ è ñëåäîâàòåëüíî

Aij > 0. (1.55)

Åñëè æå (j− i) � ÷åòíîå ÷èñëî, òî èçìåíÿåòñÿ ëèøü ïîñëåäíåå

ñëàãàåìîå, â êîòîðîì âåëè÷èíà, ñòîÿùàÿ â êðóãëîé ñêîáêå, áóäåò

îòðèöàòåëüíîé. Íî îòðèöàòåëüíûì áóäåò è ìíîæèòåëü ïðè íåé, è

ñíîâà âåðíî (1.55).

Ïåðåíåñåì ïåðâîå ñëàãàåìîå â ïðåäñòàâëåíèèAij (1.54) â ëåâóþ

÷àñòü, à îñòàâøèåñÿ ñëàãàåìûå ñíîâà ñãðóïïèðóåì ïàðàìè

Aij −
H

ε

1

phi
=
H

ε

[
qi
phi+2

(
phi+2

phi+1

+ qi+1

)
+ · · ·

]
.

Òå æå ðàññóæäåíèÿ ïðèâîäÿò ê çàêëþ÷åíèþ, ÷òî

Aij −
H

ε

1

phi
< 0.



32

Îáúåäèíÿÿ ýòî íåðàâåíñòâî ñ (1.55), ïîëó÷èì

|Aij| <
H

ε

1

phi
≤ H

ε

1

p0
, (1.56)

÷òî íå ïðîòèâîðå÷èò (1.50) ïðè c2 = 2.

30. qk ìåíÿåò çíàê. Ïóñòü íàòóðàëüíîå ÷èñëîm, ðàñïîëîæåííîå

ìåæäó i è j−1, òàêîâî, ÷òî âñå qm+1, . . . , qj−1 îäíîãî çíàêà, à qm �

äðóãîãî èëè íóëü. Òîãäà äëÿ qk ïðè m+1 ≤ k ≤ j−1 èìååò ìåñòî

îäèí èç óæå ðàññìîòðåííûõ ñöåíàðèåâ 10 èëè 20, ïðè ðåàëèçàöèè

êîòîðûõ óòâåðæäåíèÿ ëåììû äîêàçàíû. Ïîýòîìó â ñèëó (1.49)

|Wm+1,j| = |qm+1 · · · qj−1| ≤
p̄

p0
.

Îòñþäà ñ ó÷åòîì (1.36)

|Wij| = |WimqmWm+1,j| ≤ |Wim|
p̄

p0
|qm| . (1.57)

Åñëè qm = 0, òî Wij = 0 è îöåíêà (1.49) î÷åâèäíà. Ïîýòîìó

ïóñòü qm ̸= 0 è qmqm+1 < 0.

Ââåäåì â ðàññìîòðåíèå ôóíêöèþ

q̃(x) =

[
1− Hr(x)

2εp(x−H/2)

] [
1 +

Hr(x)

2εp(x+H/2)

]−1

. (1.58)

Ïðèíèìàÿ âî âíèìàíèå (1.6) è (1.24), çàêëþ÷àåì, ÷òî qm = q̃(xm)

ðàâíî êàê è qm+1 = q̃(xm+1). Ïîñêîëüêó ïî ïðåäïîëîæåíèþ qm è

qm+1 èìåþò ðàçíûå çíàêè, òî ôóíêöèÿ q̃(x), áóäó÷è íåïðåðûâíîé,

îáðàùàåòñÿ â íóëü â òî÷êå ξ ∈ (xm, xm+1). Îòñþäà íàõîäèì, ÷òî

H

ε
= 2

p(ξ −H/2)

r(ξ)
≤ 2p̄

r0
(1.59)
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è

qm = q̃(ξ) + (xm − ξ)q̃′(η) = (xm − ξ)q̃′(η), η ∈ (xm, ξ). (1.60)

Îöåíèì q̃ ′(x). Èç (1.58) ñëåäóåò, ÷òî

q̃ ′(x) =

=−H
2ε

[
1+

Hr(x)

2εp(x+H/2)

]−1[(
r(x)

p(x−H/2)

)′
+

(
r(x)

p(x+H/2)

)′
q̃(x)

]
.

Äëÿ ïåðâûõ äâóõ ñîìíîæèòåëåé èìååì

H

2ε

[
1 +

Hr(x)

2εp(x+H/2)

]−1

≤ p̄

r0
.

Äàëåå, ïîñêîëüêó ñ ó÷åòîì (1.2), (1.39) è (1.47)∣∣∣∣[ r(x)

p(x±H/2

]′∣∣∣∣ ≤ c1(p̄+ r̄)

p20
,

à â ñèëó (1.51) è (1.53) |q̃(x)| ≤ p̄/p0, òî

|q̃ ′(x)| ≤ p̄

r0

[
c1(p̄+ r̄)

p20

(
1 +

p̄

p0

)]
≡ c3 (1.61)

è äëÿ qm èç (1.60) èìååì îöåíêó

|qm| ≤ c3H. (1.62)

Ïîäñòàâëÿÿ ýòó îöåíêó â (1.57) è çàìå÷àÿ, ÷òî â ñèëó (1.7)

H =
1− δ

N − n
≤ 1

(1− 1/B)N
,

áóäåì èìåòü

|Wij| ≤ |Wim|
p̄

p0

c3
(1− 1/B)N

. (1.63)
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Ïóñòü ÷èñëî N2, ôèãóðèðóþùåå â óòâåðæäåíèÿõ ëåììû, óäî-

âëåòâîðÿåò íåðàâåíñòâó

N2 ≥
p̄c3

p0(1− 1/B)
. (1.64)

Òîãäà èç (1.63) ñ ó÷åòîì (1.48) íàõîäèì, ÷òî

|Wij| ≤ |Wim| . (1.65)

Ýòèì çàâåðøàåòñÿ ïåðâûé ýòàï îöåíêè |Wij|. Íà âòîðîì ýòà-

ïå, âûäåëÿÿ ñëåäóþùóþ ñìåíó çíàêà qk è ïîâòîðÿÿ ïðîâåäåííûå

ðàññóæäåíèÿ, ïîëó÷èì îöåíêó

|Wim| ≤ |Wim1
| , (1.66)

ãäå ÷èñëî m1 < m− 1 òàêîâî, ÷òî qm1+1, . . . , qm−1 îäíîãî çíàêà, à

qm1
� äðóãîãî èëè íóëü. Îòñþäà è èç (1.65) èìååì

|Wij| ≤ |Wim1
| .

Ýòîò ïðîöåññ ìîæíî ïðîäîëæàòü äî òåõ ïîð, ïîêà ó îñòàâøèõ-

ñÿ qk, îáðàçóþùèõ Wiml
èç ïðàâîé ÷àñòè îöåíêè òèïà (1.66), íå

îñòàíåòñÿ ñìåí çíàêà. Ïîñëå ýòîãî äëÿ óêàçàííûõ qk ðåàëèçóåòñÿ

îäèí èç óæå ðàññìîòðåííûõ ñöåíàðèåâ 10 èëè 20, ÷òî è çàâåðøàåò

äîêàçàòåëüñòâî (1.49).

Îáðàòèìñÿ ê îöåíêå Aij. Ñ ó÷åòîì (1.37) è (1.36)

Aij = Aim +Wi,m+1Am+1,j = Aim +WimqmAm+1,j.
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Â ñèëó âûáîðàm è ñ ó÷åòîì (1.52) è (1.56) äëÿ Am+1,j ñïðàâåäëèâà

îöåíêà (1.50) ñ c2 = 2. Äëÿ Wim ñïðàâåäëèâà îöåíêà (1.49), à äëÿ

qm � îöåíêà (1.62). Ïîýòîìó

|Aij| ≤ |Aim|+
p̄

p0r0

(
1 +

Hr0
2εp̄

)
2
p̄c3
p0
H.

Àíàëîãè÷íî óñòàíàâëèâàåòñÿ îöåíêà

|Aim| ≤ |Aim1
|+ p̄

p0r0

(
1 +

Hr0
2εp̄

)
2
p̄c3
p0
H,

ïîäñòàâëÿÿ êîòîðóþ â ïðåäøåñòâóþùóþ îöåíêó, ïîëó÷èì

|Aij| ≤ |Aim1
|+ p̄

p0r0

(
1 +

Hr0
2εp̄

)
4
p̄c3
p0
H.

È òàê äàëåå äî òåõ ïîð, ïîêà íå ïðèäåì ê îöåíêå

|Aij| ≤ |Aiml
|+ p̄

p0r0

(
1 +

Hr0
2εp̄

)
2
p̄c3
p0

(l + 1)H.

Ïîñêîëüêó îáùåå ÷èñëî ýòàïîâ (l + 1) íå ïðåâîñõîäèò (N − n), à

äëÿ |Aiml
| â ñèëó (1.52) è (1.56) ñïðàâåäëèâà îöåíêà (1.50) ñ c2 = 2,

òî îòñþäà íàõîäèì, ÷òî

|Aij| ≤
p̄

p0c0

(
1 +

Hr0
2εp̄

)
2

(
1 +

p̄c3
p0

)
≡ p̄

p0c0

(
1 +

Hr0
2εp0

)
c2. (1.67)

Îöåíêà (1.50) óñòàíîâëåíà â îáùåì ñëó÷àå, ÷òî è çàâåðøàåò äîêà-

çàòåëüñòâî ëåììû.

Ë å ì ì à 1.3. Åñëè âûïîëíåíû óñëîâèÿ ëåìì 1.1 è 1.2 è êðî-

ìå òîãî
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N ≥ max{N3, N4}, ãäå

N3 ≥
(
4p̄2r̄c2
p20r0

) p̄
Cr0

, N4 ≥
r̄c

2p0A(1− 1/B)
lnN4, (1.68)

òî

max
i≥n

|αi − αn| ≤
p̄c2
p0r0

wn, (1.69)

à

αN ≥ c4 =
p0
2p̄r̄

(
1− exp

(
−Ar̄
p0

))
. (1.70)

Ä î ê à ç à ò å ë ü ñ ò â î. Äîêàæåì (1.69). Ïðèíèìàÿ âî

âíèìàíèå (1.35) è (1.25), íàõîäèì, ÷òî

αi − αn = An+1,iwn+1 = An+1,iwnqn. (1.71)

Ïîñëåäíèé ñîìíîæèòåëü ïðàâîé ÷àñòè (1.71) â ñèëó (1.24) è (1.7)

èìååò âèä

qn =

(
1− hrhn

2εphn

)(
1 +

Hrhn
2εphn+1

)−1

.

Óñëîâèå (1.40) èç ëåììû 1.1 îáåñïå÷èâàåò ñïðàâåäëèâîñòü íåðà-

âåíñòâà (1.45), êîòîðîå â ñâîþ î÷åðåäü ïðèâîäèò ê ïîëîæèòåëüíî-

ñòè ïåðâîãî ñîìíîæèòåëÿ â qn. Ïîýòîìó, ïðèíèìàÿ âî âíèìàíèå

(1.2), (1.39) è (1.42), èìååì

|qn| = qn ≤
(
1− hr0

2εp̄

)(
1 +

Hr0
2εp̄

)−1

.

Ïîäñòàâëÿÿ ýòó îöåíêó è îöåíêó (1.50) â (1.71), ïîëó÷èì

|αi − αn| ≤
p̄c2
p0r0

wn

(
1− hr0

2εp̄

)
, (1.72)
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îòêóäà è ñëåäóåò îöåíêà (1.69).

Îòìåòèì, ÷òî â ñèëó (1.43) è (1.42) èç (1.72) âûòåêàåò è ñëå-

äóþùàÿ îöåíêà

|αi − αn| ≤
p̄c2
p0r0

q̃n. (1.73)

Îáðàòèìñÿ ê äîêàçàòåëüñòâó (2.32). Èìååì

αN = αn + (αN − αn) ≥ αn − |αN − αn|.

Èñïîëüçóÿ (1.41), (1.73) è (1.46), íàõîäèì, ÷òî

αN ≥ p0
p̄r̄

(1− ◦
q
n
)− p̄c2

p0r0
q̃n ≥ p0

p̄r̄
− 2p̄c2
p0r0

q̃n. (1.74)

Ïîñêîëüêó

ln
1 + t

1− t
≥ 2t ïðè 0 ≤ t < 1,

òî ñ ó÷åòîì (1.42) è (1.7)

q̃n = exp

(
−n ln 1

q̃

)
≤ exp

(
−nhr0

εp̄

)
= exp

(
−δr0
εp̄

)
.

Ïóñòü ñåòêà (1.7) òàêîâà, ÷òî

Cε lnN < A. (1.75)

Òîãäà δ = Cε lnN è, ïðèíèìàÿ âî âíèìàíèå (1.40) è (1.68), íàõî-

äèì, ÷òî

q̃n ≤ exp

{
−Cr0 lnN

p̄

}
= N−Cr0/p̄ ≤ N

−Cr0/p̄
3 =

p2or0
4p̄2r̄c2

.

Îòñþäà èç (1.74) ñëåäóåò ñïðàâåäëèâîñòü îöåíêè (1.70) ïðè âû-

ïîëíåíèè (1.75).
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Åñëè æå âìåñòî (1.75) Cε lnN ≥ A, òî âñå ìíîãî ïðîùå, è

îöåíêó αN íóæíî ïðîâîäèòü ïî-äðóãîìó. Ïîñêîëüêó â ýòîì ñëó÷àå

ε ≥ A/(C lnN), òî ñ ó÷åòîì (1.68)

Hrhi
2εphi

≤ Hr̄

2εp0
<

r̄C lnN

2A(1− 1/B)p0N
≤ Cr̄ lnN4

2A(1− 1/B)p0N4
≤ 1

è ñëåäîâàòåëüíî qk èç (1.24) ïîëîæèòåëüíà íå òîëüêî ïðè k = 1,

. . . , n, ÷òî ñëåäóåò èç (1.40) è (1.45), íî è ïðè k = n+ 1, . . . , N − 1.

Îòñþäà èç (1.25) âûòåêàåò ïîëîæèòåëüíîñòü wi, à èç (1.26) � ìî-

íîòîííîå âîçðàñòàíèå αi ïðè âñåõ i = 1, . . . , N . Òåì ñàìûì, â ÷àñò-

íîñòè, αN ≥ αn, ÷òî âìåñòå ñ (1.41) ïðèâîäèò ê îöåíêå

αN ≥ p0
p̄r̄

(
1− ◦

q
n
)
. (1.76)

Äàëåå, êàê è âûøå, ñ ó÷åòîì òîãî, ÷òî hn = A, èìååì

◦
q
n ≤ exp

(
−nhr̄
εp0

)
= exp

(
−Ar̄

εp0

)
≤ exp

(
−Ar̄
p0

)
,

èáî ε ≤ 1. Ýòà îöåíêà âìåñòå ñ (1.76) è ïðèâîäèò ê (1.70). Ëåììà

äîêàçàíà.

1.3. Îöåíêà ôóíêöèè Ãðèíà è ñõîäèìîñòü

Ìû èìååì âñå íåîáõîäèìîå, ÷òîáû óñòàíîâèòü ðàâíîìåðíóþ ïî

ε îöåíêó ôóíêöèè Ãðèíà.

Ò å î ð å ì à 1.2. Åñëè q(x) ≡ 0 è âûïîëíåíû óñëîâèÿ ëåìì

1.1�1.3, òî

|G(xi, ξj)| ≤ c5, (1.77)

ãäå c5 = c5(p, r) (ñì. (1.79)) è íå çàâèñèò íè îò N , íè îò ε.
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Ä î ê à ç à ò å ë ü ñ ò â î. Îöåíêó G(xi, ξj) ïðîâîäèì ñíà÷àëà

äëÿ j ≥ n, à çàòåì äëÿ j < n.

à) Ïóñòü j ≥ n. Èç (1.38) ñ ó÷åòîì ëåìì 1.2 è 1.3 íàõîäèì, ÷òî

|G(xi, ξj)| ≤
p̄c2
p0r0c4


|αi|, i ≤ j, j ≥ n,
p̄

p0
|αj|, i ≥ j ≥ n.

(1.78)

Åñëè i ≤ n, òî â ñèëó ëåììû 1.1 αi ≤ αn, à åñëè i > n, òî

|αi| = |αn + (αi − αn)| ≤ αn + |αi − αn|,

òàê ÷òî â ëþáîì ñëó÷àå

|αi| ≤ αn + |αi − αn|.

Îòñþäà è èç (1.41), (1.73) ñëåäóåò, ÷òî

|αi| ≤
p̄c2
p0r0

.

Òî÷íî òàê æå îöåíèâàåòñÿ è |αj|. Ýòè îöåíêè âìåñòå ñ (1.78) ïðè-

âîäÿò ê îöåíêå

|G(xi, ξj)| ≤ c5 ≡
p̄3c22
p30r

2
0c4

, j ≥ n. (1.79)

á) Îöåíèì G(xi, ξj) ïðè j < n. Áóäåì òåïåðü ïîëüçîâàòüñÿ

ïðåäñòàâëåíèÿìè (1.33). Íà÷íåì ñ îöåíêè (αN − αj). Èìååì

αN − αj = (αN − αn) + (αn − αj).

Ïåðâîå ñëàãàåìîå ïðàâîé ÷àñòè îöåíèâàåòñÿ ïðè ïîìîùè (1.69), à

âòîðîå ñëàãàåìîå â ñèëó (1.35) èìååò âèä

αn − αj = wj+1Aj+1,n.
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Ïîñêîëüêó j < n, òî â ñèëó ëåììû 1.1 qj > 0 è äëÿ Aj+1,n ñïðà-

âåäëèâà îöåíêà âèäà (1.52) ñ çàìåíîé H íà h. Ïðèíèìàÿ âñå ýòî

âî âíèìàíèå, áóäåì èìåòü

|αN − αj| ≤
p̄

p0r0

[
c2wn +

(
1 +

hr0
2εp̄

)
wj+1

]
. (1.80)

Äàëåå, â ñèëó ëåììû 1.1 ôóíêöèÿ wj ïðè j < n ÿâëÿåòñÿ óáû-

âàþùåé è ïîýòîìó wn ≤ wj+1. Ïîäñòàâëÿÿ ýòó îöåíêó â (1.80) è

íåñêîëüêî çàãðóáëÿÿ, îêîí÷àòåëüíî ïîëó÷èì

|αN − αj| ≤
2p̄c2
p0r0

(
1 +

hr0
2εp̄

)
wj+1. (1.81)

Äîêàæåì, ÷òî òî÷íî òàêàÿ æå îöåíêà èìååò ìåñòî è äëÿ èíòå-

ðåñóþùèõ íàñ çíà÷åíèé (αN − αi). Â ñàìîì äåëå, åñëè i < n, òî

â (1.81) íóæíî òîëüêî çàìåíèòü j íà i. Íî ïîñêîëüêó (αN − αi)

ôèãóðèðóåò â (1.33) ëèøü ïðè i ≥ j, à wi åñòü óáûâàþùàÿ ôóíê-

öèÿ, òî âî âíîâü ïîëó÷åííîé îöåíêå |αN − αi| âìåñòî wi+1 ìîæíî

ïîñòàâèòü wj+1.

Åñëè æå i > n, òî (αN − αi) = (αN − αn) + (αn − αi) è

íåðàâåíñòâî (1.69) ïðèìåíèìî ê îáîèì ñëàãàåìûì, â ñèëó ÷åãî

|αN − αi| ≤ (2p̄c2)/(p0r0)wn. Îöåíêà ïðàâîé ÷àñòè ýòîãî íåðàâåí-

ñòâà ÷åðåç ïðàâóþ ÷àñòü (1.80) âûòåêàåò èç ðàññóæäåíèé, àíàëî-

ãè÷íûì âûøåïðèâåäåííûì.

Îöåíèì íàêîíåö αi è αj. Ïîñêîëüêó αi ôèãóðèðóåò â (1.33)

ëèøü ïðè i ≤ j, à ôóíêöèÿ αi â ñèëó ëåììû 1.1 ïðè i ≤ n ÿâëÿåòñÿ

âîçðàñòàþùåé, òî ñ ó÷åòîì (1.41)

αi ≤ αj ≤ αn ≤ p̄

p0r0
. (1.82)
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Èòàê, âñå ïðåäâàðèòåëüíûå îöåíêè ïîëó÷åíû. Ïîäñòàâèì òå-

ïåðü (1.82), (1.79) è àíàëîã (1.81) äëÿ (αN − αi) â (1.33). Åñëè

ïîñëå ýòîãî ìû ó÷òåì, ÷òî(
1 +

rhj hj+1

2εphj+1

)
≥
(
1 +

hr0
2εp̄

)
,

à äëÿ αN ñïðàâåäëèâû îöåíêè (1.70), òî ïðèäåì ê îöåíêå

|G(xi, ξj)| ≤
2p̄2c2
p20r

2
0c4

, j < n,

êîòîðàÿ, êàê ëåãêî âèäåòü (ñì., íàïð., îïðåäåëåíèå c2 â (1.67)), íå

õóæå (1.79). Òåîðåìà äîêàçàíà.

Ò å î ð å ì à 1.3. Ïóñòü êîýôôèöèåíòû p(x) è r(x) óðàâíå-

íèÿ (1.1) � íåïðåðûâíî äèôôåðåíöèðóåìûå ôóíêöèè, óäîâëåòâî-

ðÿþùèå (1.2), (1.39) è (1.47), 0 ≤ q(x) ≤ q̄, è êðîìå òîãî

N ≥ max{N1, N2, N3, N4}. Òîãäà, åñëè íà ñåòêå Ω (1.7)(
Lhv

)
i
= fi, i = 1, . . . , N − 1, v0 = vN = 0, (1.83)

ãäå Lh � îïåðàòîð, çàäàâàåìûé ñîîòíîøåíèÿìè (1.8),(1.6), òî

ïðè ε ≤ c6

||v||Lh
∞(Ω) ≤ c7||f ||Lh

1 (Ω)
,

ãäå c6 = c6(p, r), c7 = c7(p, r) � ïîëîæèòåëüíûå ïîñòîÿííûå.

Ä î ê à ç à ò å ë ü ñ ò â î.

à) Ïóñòü q(x) ≡ 0. Òîãäà â ñèëó (1.17)

vi = (G(xi, ξj), fj) .
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Îòñþäà, ó÷èòûâàÿ òåîðåìó 1.2 è ïîëàãàÿ c7 = c5, c6 = 1, ïðèõîäèì

ê îöåíêå

||v||Lh
∞(Ω) = max

xi∈Ω
|vi| ≤ c5

∑
xi∈Ω

|fi|h̄i = c5||f ||Lh
1 (Ω)

,

êîòîðàÿ äîêàçûâàåò òåîðåìó ïðè q(x) ≡ 0.

á) Ïóñòü q(x) ≥ 0.

Â ñèëó äîêàçàííîãî â ïóíêòå à) è (1.14)�(1.16)

||v||Lh
∞(Ω) ≤ c5||f − qhv||Lh

1 (Ω)
≤ c5||f ||Lh

1 (Ω)
+ c5

√
q̄(qhv, v). (1.84)

Óìíîæàÿ ðàçíîñòíîå óðàâíåíèå (1.83) â ñìûñëå ñêàëÿðíîãî ïðî-

èçâåäåíèÿ (1.14) íà (v/rh)i è ó÷èòûâàÿ, ÷òî äëÿ ëþáîé ñåòî÷íîé

ôóíêöèè vi, îáðàùàþùåéñÿ â íóëü ïðè i = 0 è i = N , (v◦
x, v) = 0,

ïîëó÷àåì

ε
(
phvx̄,

( v
rh

)
x̄

)
+

(
qh

rh
v, v

)
=
(
f,
v

rh

)
.

Îòñþäà, âîñïîëüçîâàâøèñü òîæäåñòâîì( v
rh

)
x̄,i

=
1

rhi−1

vx̄,i −
rhx̄,i
rhi−1r

h
i

vi,

è ïîëó÷àåìûìè ñ ó÷åòîì (1.2),(1.39),(1.47) íåðàâåíñòâàìè

ε

(
phi

rhx̄,i
rhi−1r

h
i

vx̄,i, vi

)
≤ εc1

√
p̄

r0

∣∣∣∣∣
∣∣∣∣∣
√

phi
rhi−1

vx̄,i

∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣ vrh
∣∣∣∣∣
∣∣∣∣∣ ≤

≤ ε

(
phi
rhi−1

vx̄,i, vx̄,i

)
+ ε

c21p̄

4r20
||v||2Lh

∞(Ω),

c25q̄r̄
(
f,
v

rh

)
≤ 2c45q̄

2r̄2

r20
||f ||2Lh

1 (Ω)
+

||v||2Lh
∞(Ω)

8
,
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ïðèõîäèì ïðè ε ≤ c6 =
r20

2c21c
2
5p̄r̄q̄

ê îöåíêå

c25q̄(q
hv, v) ≤ c25q̄r̄

[(
f,
v

rh

)
− ε

(
phi
rhi−1

vx̄,i, vx̄,i

)
+ ε

(
phi

rhx̄,i
rhi−1r

h
i

vx̄,i, vi

)]
≤

≤ 2c45q̄
2r̄2

r20
||f ||2Lh

1 (Ω)
+

||v||2Lh
∞(Ω)

4
.

Ïîäñòàâëÿÿ ýòî ñîîòíîøåíèå â (1.84) è ó÷èòûâàÿ íåðàâåíñòâî
√
a2 + b2 ≤

|a|+ |b|, èìååì

||v||2Lh
∞(Ω) ≤

(
c5 +

c25q̄r̄
√
2

r0

)
||f ||2Lh

1 (Ω)
+

||v||2Lh
∞(Ω)

2
.

Îòñþäà ïîëó÷àåì óòâåðæäåíèå òåîðåìû ñ ïîñòîÿííîé

c7 = 2c5

(
1 +

c5q̄r̄
√
2

r0

)
.

Òåîðåìà äîêàçàíà.

Ä î ê à ç à ò å ë ü ñ ò â î ò å î ð å ì û 1. Ïóñòü

zi = uhi − ui,

ãäå ui è u
h
i ñóòü çíà÷åíèÿ òî÷íîãî è ïðèáëèæåííîãî ðåøåíèé çà-

äà÷è (1.1) â óçëàõ ñåòêè. Òîãäà, êàê îáû÷íî,

Lhzi = ψi, xi ∈ Ω, z0 = zN = 0,

ãäå

ψi = fhi − Lhui = ε
[(
phux̄

)
x̂
− (pu′)′

]
i
+ ri

[
u◦
x − u′

]
i

� ïîãðåøíîñòü àïïðîêñèìàöèè çàäà÷è (1.8).
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Îòñþäà ïðè ε ≤ c6 â ñèëó òåîðåìû 1.3 ïðèõîäèì ê îöåíêå

||z||Lh
∞(Ω) = c7||ψ||Lh

1 (Ω)
. (1.85)

Ïîâòîðÿÿ òåïåðü â óïðîùåííîì âèäå ðàññóæäåíèÿ, èñïîëüçîâàí-

íûå â [2] ïðè äîêàçàòåëüñòâå òåîðåìû 4, óáåæäàåìñÿ, ÷òî åñëè

âûïîëíåíî óñëîâèå (1.10), òî

||ψ||Lh
1 (Ω)

= O(N−2 ln2N)

ðàâíîìåðíî ïî ε. Ýòà îöåíêà âìåñòå ñ (1.85) çàâåðøàåò äîêàçà-

òåëüñòâî òåîðåìû 1.1 ïðè ε ≤ c6.

Â ïðîòèâíîì ñëó÷àå ïðè äîñòàòî÷íî áîëüøîì N ñåòêà Ω (1.7)

îáðàùàåòñÿ â ðàâíîìåðíóþ è â ñèëó ïðèíöèïà ìàêñèìóìà ñõåìà

ñõîäèòñÿ â íîðìå Lh
∞ ñ ïîðÿäêîì O(N−2) [29]. Òåîðåìà äîêàçàíà.

Ç à ì å ÷ à í è ÿ. 1.2. Êàê ïîêàçûâàåò ðàññìîòðåíèå óðàâíå-

íèÿ (1.1) ñ ïîñòîÿííûìè êîýôôèöèåíòàìè è íóëåâîé ïðàâîé ÷à-

ñòüþ ìíîæèòåëü ln2N â îöåíêå òî÷íîñòè ðàçíîñòíîé ñõåìû (1.8)

íà ñåòêå (1.7) îïóñòèòü íåëüçÿ. Äåéñòâèòåëüíî, ïîëàãàÿ â (1.1)

p(x) ≡ r(x) ≡ 1, q(x) ≡ f(x) ≡ 0, g0 = 1, g1 = 0, ïîëó÷àåì ìî-

äåëüíóþ çàäà÷ó ñ ðåøåíèåì

u(x) = (e−x/ε − e−1/ε)/(1− e−1/ε)

è ðåøåíèåì ñîîòâåòñòâóþùåé ðàçíîñòíîé çàäà÷è (1.8) íà ñåòêå (1.7)

uhi = (vi − vN)/(v0 − vN),
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ãäå

vi =

{
qi, i = 1, . . . , n,

qnQi−n, i = n, . . . , N,

q =
1− h/2ε

1 + h/2ε
, Q =

1−H/2ε

1 +H/2ε
,

è ñëåäîâàòåëüíî ïðè C ≥ 2

vi = e−xi/ε +O(N−2 ln2N +N−C) = e−xi/ε +O(N−2 ln2N)

ðàâíîìåðíî ïî ε.

1.3. Òîò æå ïðèìåð ïîêàçûâàåò, ÷òî óñëîâèå (1.10) â ëó÷øåì

ñëó÷àå ìîæåò áûòü îñëàáëåíî áåç óõóäøåíèÿ ðåçóëüòàòà ëèøü äî

C ≥ 2p(0)/r(0).

1.4. Åñëè ñåòêà ðàâíîìåðíàÿ, òî u◦
x = 0.5(ux + ux̄). Íà íåðàâ-

íîìåðíîé ñåòêå ýòî íå òàê. Êàê ïîêàçûâàåò ðàññìîòðåíèå óêàçàí-

íîãî âûøå ïðèìåðà, çàìåíà â (1.8) uh◦
x
íà 0.5(uhx + uhx̄) ïðèâîäèò

ê íàðóøåíèþ ðàâíîìåðíîé ïî ε ñõîäèìîñòè íåñìîòðÿ íà òî, ÷òî

óêàçàííàÿ çàìåíà íà ñàìîì äåëå êàñàåòñÿ òîëüêî îäíîãî óðàâíå-

íèÿ ïðè i = n. Ê òîìó æå ýôôåêòó ïðèâîäèò çàìåíà uh◦
x,n

â (1.8)

íà (huhx +Huhx̄)n/(2h̄n). Êàê ëåãêî âèäåòü, ïîñëåäíåå âûðàæåíèå

àïïðîêñèìèðóåò u′(xn) íà íåðàâíîìåðíîé ñåòêå ñ ïîãðåøíîñòüþ

O(H2 + h2).

1.5. Åñëè âìåñòî (1.2) êîýôôèöèåíò r(x) óðàâíåíèÿ (1.1) óäî-

âëåòâîðÿåò óñëîâèþ r(x) ≤ −r0 < 0, òî óòâåðæäåíèå òåîðåìû 1.1

ñîõðàíÿåò ñèëó, åñëè ñåòêó Ω èç (1.7) çàìåíèòü íà ñåòêó Ω′, ñãó-

ùàþùóþñÿ êàê è Ω, íî íà ïðàâîì êîíöå îòðåçêà [0, 1], à ïàðàìåòð

C çàìåíèòü íà C > 2p(1)/|r(1)|.
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Òàáëèöà 1.1:

N ε = 1 ε = 10−2 ε = 10−4 ε = 10−6 ε = 10−8

8 .00211 .08554 .09580 .09596 .09596

4.0 3.2 3.3 3.2 3.2
16 .00053 .02672 .02946 .02955 .02955

4.0 3.1 3.2 3.2 3.2
32 .00013 .00850 .00922 .00929 .00929

4.0 3.1 3.2 3.2 3.2
64 .00003 .00271 .00287 .00292 .00292

4.0 3.1 3.3 3.2 3.2
128 .00001 .00086 .00088 .00091 .00091

4.0 3.2 3.2 3.2 3.2
256 .00000 .00027 .00027 .00028 .00028

1.6. Åñëè çàäà÷ó äëÿ ñîïðÿæåííîãî ê (1.1) óðàâíåíèÿ àïïðîê-

ñèìèðîâàòü ïðè ïîìîùè ñîïðÿæåííîãî ê Lh èç (1.8) â ñìûñëå

(1.14) îïåðàòîðà (1.18), òî óòâåðæäåíèå òåîðåìû 1.1 ñîõðàíÿåò-

ñÿ äëÿ ñåòêè Ω′, îïèñàííîé â çàìå÷àíèè 1.5.

1.4. ×èñëåííûå ðåçóëüòàòû

Ïðèâåäåì ÷èñëåííûå ðåçóëüòàòû, èëëþñòðèðóþùèå òî÷íîñòü

èññëåäîâàííîé ñõåìû. Ëåãêî âèäåòü, ÷òî ôóíêöèÿ

u(x) =
e−x/ε − e−1/ε

1− e−1/ε
+ 2x cos

πx

2
(1.86)

ÿâëÿåòñÿ ðåøåíèåì çàäà÷è

εu′′ + u′ = −f(x), 0 < x < 1,

u(0) = 1, u(1) = 0,
(1.87)
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Òàáëèöà 1.2:

i xi zi

0 0.00000 .00000
1 0.00005 −.01608
2 0.00011 −.02010
3 0.00017 −.01972
4 0.00023 −.01810
5 0.00029 −.01647
6 0.00035 −.01516
7 0.00041 −.01422
8 0.00047 −.01359
9 0.00053 −.01318
10 0.00059 −.01292
11 0.10053 −.01210
12 0.20047 −.00562
13 0.30041 −.00757
14 0.40035 −.00161
15 0.50029 −.00418
16 0.60023 .00092
17 0.70017 −.00253
18 0.80011 .00153
19 0.90005 −.00295
20 1.00000 .00000

ïðàâîé ÷àñòüþ êîòîðîé ñëóæèò

f(x) =

(
επ2x

2
− 2

)
cos

πx

2
+ π(2ε+ x) sin

πx

2
. (1.88)

Ýòà çàäà÷à ðåøàëàñü íà ñåòêå (1.7) ïðè B = 0.5, ò. å. ïðè îäè-

íàêîâîì ÷èñëå óçëîâ â �ïîãðàíñëîå� è âíå åãî, A = 0.5, C = 2.

Â òàáëèöå 1.1 ïðèâåäåíû çíà÷åíèÿ Lh
∞ - íîðìû ïîãðåøíîñòè ðå-

øåíèÿ äëÿ ðàçëè÷íûõ ε èN è óêàçàíà ñêîðîñòü óáûâàíèÿ ïîãðåø-

íîñòè ïðè óäâîåíèè ÷èñëà óçëîâ. Ïîñòðî÷íûé àíàëèç òàáëèöû 1.1
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ïðè êàæäîì N ñâèäåòåëüñòâóåò î ñòàáèëèçàöèè ïîãðåøíîñòè ïðè

ε→ 0, ÷òî ÿâëÿåòñÿ îòðàæåíèåì ôàêòà ðàâíîìåðíîé ñõîäèìîñòè.

Àíàëèç äàííûõ òàáëèöû 1.1 ïî ñòîëáöàì óêàçûâàåò íà òî, ÷òî ñêî-

ðîñòü ñõîäèìîñòè íå íèæå òåîðåòè÷åñêè îáîñíîâàííîé, èáî äàæå

ïðè N = 128
[
(N−1 lnN)/((2N)−1 ln(2N))

]2 ≈ 3.06.

Â òàáëèöå 1.2 ïðèâåäåíà ïîòî÷å÷íàÿ ïîãðåøíîñòü ðåøåíèÿ ïðè

ε = 10−4 è N = 20. Âèäíî, ÷òî íà ìåëêîé ñåòêå â �ïîãðàíñëîå� ïî-

ãðåøíîñòü ïëàâíî ìåíÿåòñÿ áåç îñöèëëÿöèé, â òî âðåìÿ êàê âíå

�ïîãðàíñëîÿ� íà êðóïíîé ñåòêå íàáëþäàþòñÿ ìåëêèå îñöèëëÿöèè

ïîãðåøíîñòè, îòðàæàþùèå íåìîíîòîííîñòü ñõåìû. Íà ðèñóíêå 1

ñïëîøíîé ëèíèåé èçîáðàæåíî òî÷íîå ðåøåíèå ïðè ε = 10−4, à êðó-

æî÷êàìè � ïðèáëèæåííîå ðåøåíèå äëÿ N = 20. Ïðè ýòîì ìàñ-

øòàá â ïîãðàíñëîå øèðèíû δ = 2ε lnN äëÿ íàãëÿäíîñòè óâåëè÷åí.
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�2. Ðàâíîìåðíàÿ ïî ìàëîìó ïàðàìåòðó

ñõîäèìîñòü ÷åòûðåõòî÷å÷íûõ ñõåì

Â ýòîì ïàðàãðàôå äëÿ îáûêíîâåííîãî äèôôåðåíöèàëüíîãî óðàâ-

íåíèÿ âòîðîãî ïîðÿäêà ñ ìàëûì ïàðàìåòðîì â âèäå ìíîæèòåëÿ

ïðè ñòàðøåé ïðîèçâîäíîé èññëåäóþòñÿ äâå ÷åòûðåõòî÷å÷íûå ðàç-

íîñòíûå ñõåìû ñ íåñèììåòðè÷íîé àïïðîêñèìàöèåé âòîðîãî ïîðÿä-

êà ÷ëåíà ñ ïåðâîé ïðîèçâîäíîé. Ïîêàçàíî, ÷òî íà ñãóùàþùåéñÿ â

ïîãðàíè÷íîì ñëîå êóñî÷íî-ðàâíîìåðíîé ñåòêå (1.7) èññëåäóåìûå

ñõåìû ñõîäÿòñÿ ðàâíîìåðíî ïî ìàëîìó ïàðàìåòðó ñî ñêîðîñòüþ

O(N−2 ln2N), ãäå N � ÷èñëî óçëîâ ñåòêè.

Äëÿ ñèíãóëÿðíî âîçìóùåííîãî îáûêíîâåííîãî äèôôåðåíöè-

àëüíîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà ðàññìîòðèì ïðîñòåéøóþ êðà-

åâóþ çàäà÷ó

Lu ≡ −ε(p(x)u′)′ − (r(x)u)′ = f(x), 0 < x < 1,

u(0) = g0, u(1) = g1,
(2.1)

ãäå

p(x) ≥ p0 = const > 0, r(x) ≥ r0 = const > 0, (2.2)

à ε ∈ (0, 1] � ìàëûé ïàðàìåòð.

Îäíèì èç æåëàòåëüíûõ ñâîéñòâ ðàçíîñòíîé ñõåìû ÿâëÿåòñÿ

ìîíîòîííîñòü â ñìûñëå íåîòðèöàòåëüíîñòè êîðíåé õàðàêòåðèñòè-

÷åñêîãî ìíîãî÷ëåíà ñõåìû íà ðàâíîìåðíîé ñåòêå. Èçâåñòíî, ÷òî

ñõåìà ñ öåíòðàëüíîé ðàçíîñòüþ íå îáëàäàåò ýòèì ñâîéñòâîì. À
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òðåõòî÷å÷íàÿ ñõåìà ñ îäíîñòîðîííåé ðàçíîñòüþ õîòü è ÿâëÿåòñÿ

ìîíîòîííîé, àïïðîêñèìèðóåò óðàâíåíèå (2.1) íà ãëàäêèõ ðåøåíè-

ÿõ ëèøü ñ ïåðâûì ïîðÿäêîì. Â [2] ïîñòðîåíà ìîäèôèêàöèÿ ìîíî-

òîííîé ñõåìû Ñàìàðñêîãî è óñòàíîâëåíà ðàâíîìåðíàÿ ïî ìàëîìó

ïàðàìåòðó ñõîäèìîñòü ýòîé ñõåìû íà ñåòêå Ω (1.7) ñî ñêîðîñòüþ

O(N−2 ln2N). Çàìåòèì, ÷òî ìîíîòîííîñòü ýòî òðåõòî÷å÷íîé ñõå-

ìû äîñòèãàåòñÿ çà ñ÷åò ñïåöèàëüíîãî êîýôôèöèåíòà ïðè ñòàðøåé

ïðîèçâîäíîé.

Îäíèì èç ñïîñîáîâ ïîëó÷åíèÿ ìîíîòîííûõ ñõåì ÿâëÿåòñÿ äî-

áàâëåíèå ê ñõåìå ñ öåíòðàëüíîé ðàçíîñòíîé ïðîèçâîäíîé ÷ëåíà

ñ òðåòüåé ðàçíîñòüþ. Ðàññìîòðèì ýòó ïðîöåäóðó äëÿ óðàâíåíèÿ

(2.1) ñ ïîñòîÿííûìè êîýôôèöèåíòàìè p(x) ≡ r(x) ≡ 1 è íóëåâîé

ïðàâîé ÷àñòüþ f(x) ≡ 0. Äîáàâëÿÿ ÷ëåí ñ òðåòüåé ðàçíîñòíîé ïðî-

èçâîäíîé, íà ðàâíîìåðíîé ñåòêå ñ øàãîì h ïîëó÷àåì íåñèììåòðè÷-

íóþ ÷åòûðåõòî÷å÷íóþ ñõåìó

−εuhx̄x,i − uh◦
x
+ αh2uhx̄xx,i = 0,

ïîãðåøíîñòü àïïðîêñèìàöèè êîòîðîé íà ãëàäêèõ ðåøåíèÿõ åñòü

O(h2).

Âîçíèêàåò âîïðîñ, êàêèì îáðàçîì âûáðàòü ïàðàìåòð α, ÷òî-

áû ñõåìà áûëà ìîíîòîííîé. Ðåøåíèå ýòîãî ðàçíîñòíîãî óðàâíåíèÿ

ïðåäñòàâèìî â âèäå ëèíåéíîé êîìáèíàöèè

uhi = c1q
i
1 + c2q

i
2 + c3q

i
3,

ãäå q1, q2, q3 � êîðíè õàðàêòåðèñòè÷åñêîãî ìíîãî÷ëåíà. Åñëè õî-
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òÿ áû îäèí èç ýòèõ êîðíåé îòðèöàòåëåí, ðåøåíèå, âîîáùå ãîâî-

ðÿ, ïðèîáðåòàåò <ïèëîîáðàçíûé> âèä. Â [36] ïîêàçàíî, ÷òî êîðíè

õàðàêòåðèñòè÷åñêîãî ìíîãî÷ëåíà äàííîãî ðàçíîñòíîãî óðàâíåíèÿ

íåîòðèöàòåëüíû ïðè óñëîâèè

α ≥ max {0; 0.5− ε/h} .

Äàëåå ìîæíî äåéñòâîâàòü äâîÿêî. Ìîæíî ïîëîæèòü α = 0.5 [13].

Ëèáî ìîæíî ïîëîæèòü α = max {0; 0.5− ε/h} [36]. Â ýòîì ñëó-

÷àå ïðè ïåðåìåííûõ êîýôôèöèåíòàõ è íà íåðàâíîìåðíîé ñåòêå

çíà÷åíèå α áóäåò ìåíÿòüñÿ îò óçëà ê óçëó, ò. å. ïîëó÷èì ÷åòû-

ðåõòî÷å÷íóþ ñõåìó ñ ïåðåìåííûì ïàðàìåòðîì αi. Ëåãêî âèäåòü,

÷òî ïðè ε/h � äîñòàòî÷íî áîëüøîì ýòà ñõåìà áóäåò îáðàùàòüñÿ

â ñõåìó ñ öåíòðàëüíîé ðàçíîñòüþ. Çàìåòèì, ÷òî â [14] ýòà ñõåìà

îáñóæäàåòñÿ ñ òî÷êè çðåíèÿ ìåòîäà àäàïòèâíûõ ñåòîê.

Îáîáùàÿ âûøåñêàçàííîå äëÿ óðàâíåíèÿ (2.1) ñ ïåðåìåííûìè

êîýôôèöèåíòàìè, ïðèõîäèì ê ñëåäóþùèì äâóì ÷åòûðåõòî÷å÷-

íûì ñõåìàì:

� ñõåìå ñ α = 0.5

(Lhuh)i ≡ −ε
(
phuhx̄

)
x̂,i

−
(
rhuh

)
◦
x,i

+ 0.5
(
hih̄i(r

huh)x̄x̂
)
x̂,i

= fhi ,

i = 1, . . . , N − 2,

(Lhuh)N−1 ≡ −ε
(
phuhx̄

)
x̂,N−1

−
(
rhuh

)
x,N−1

= fhN−1,

uh0 = g0, uhN = g1;

(2.3)
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� è ñõåìå

(L̄hūh)i ≡ −ε
(
phūhx̄

)
x̂,i

−
(
rhūh

)
◦
x,i

+
(
αihih̄i(r

hūh)x̄x̂
)
x̂,i

= fhi ,

i = 1, . . . , N − 2,

(L̄hūh)N−1 ≡ −ε
(
phūhx̄

)
x̂,N−1

−
(
rhūh

)
◦
x,N−1

= fhN−1,

ūh0 = g0, ūhN = g1,

(2.4)

ñ ïåðåìåííûì ïàðàìåòðîì

αi = max

{
0; 0.5− εphi

hirhi−1

}
, (2.5)

ãäå

phi = p(xi − hi/2), rhi = r(xi), fhi = f(xi). (2.6)

Îñíîâíîé ðåçóëüòàò ïàðàãðàôà � óñòàíîâëåííàÿ â òåîðåìàõ

2.2 è 2.6 ðàâíîìåðíàÿ ïî ε ñõîäèìîñòü ýòèõ ÷åòûðåõòî÷å÷íûõ ñõåì

íà íà ñãóùàþùåéñÿ â ïîãðàíè÷íîì ñëîå êóñî÷íî-ðàâíîìåðíîé ñåò-

êå Ω (1.7) â ñìûñëå ñåòî÷íîé íîðìû Lh
∞(Ω) ñî ñêîðîñòüþ

O(N−2 ln2N).

2.1. Ðàçíîñòíàÿ ôóíêöèÿ Ãðèíà

Êàê è â ïðåäûäóùåì ïàðàãðàôå ââåäåì íà îòðåçêå [0, 1] ïðî-

èçâîëüíóþ íåðàâíîìåðíóþ ñåòêó ω̄ (1.3) è îáîçíà÷åíèÿ (1.4),(1.9).

Äëÿ ñåòî÷íûõ ôóíêöèé, çàäàííûõ íà ω̄ è îáðàùàþùèõñÿ â íóëü

ïðè i = 0 è i = N , ââåäåì ñêàëÿðíîå ïðîèçâåäåíèå (1.14) è íîðìû

(1.15),(1.16).
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Íà ñåòêå ω̄ ðàññìîòðèì ÷åòûðåõòî÷å÷íûé îïåðàòîð Lh (2.3),(2.6).

Ëåãêî âèäåòü, ÷òî

(Lhv)i = −ε
(
phvx̄

)
x̂,i

−
(
A[rhv]

)
x̂,i
, i = 1, . . . , N − 1, (2.7)

ãäå A � ñëåäóþùèé îïåðàòîð:

(Aw)i ≡

 wi − 0.5
hi
hi+1

(wi+1 − wi), i = 1, . . . , N − 1,

0.5(wN−1 + wN), i = N.
(2.8)

Èçâåñòíî, ÷òî ðåøåíèå çàäà÷è

(Lhv)i = fi, i = 1, . . . , N − 1, v0 = vN = 0 (2.9)

ïðåäñòàâèìî â âèäå

vi = (G(xi, ξj), fj). (2.10)

Çäåñü G(xi, ξj) � ôóíêöèÿ Ãðèíà ðàçíîñòíîãî îïåðàòîðà Lh, êî-

òîðàÿ êàê ôóíêöèÿ xi ïðè ôèêñèðîâàííîì ξj îïðåäåëÿåòñÿ ñëåäó-

þùèìè ñîîòíîøåíèÿìè:

LhG(xi, ξj) = δh(xi, ξj), i, j = 1, . . . , N − 1,

G(0, ξj) = G(1, ξj) = 0, j = 1, . . . , N − 1,
(2.11)

ãäå

δh(xi, ξj) =

{
h̄−1
i ïðè xi = ξj,

0 ïðè xi ̸= ξj

� ñåòî÷íûé àíàëîã äåëüòà-ôóíêöèè Äèðàêà.

Ò å î ð å ì à 2.1. Ïóñòü êîýôôèöèåíòû p(x) è r(x) óðàâíå-

íèÿ (2.1) óäîâëåòâîðÿþò (2.2), íåïðåðûâíû è

p(x) ≤ p̄, r(x) ≤ r̄.
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Ïóñòü ê òîìó æå r(x) äèôôåðåíöèðóåìà è

|r′(x)| ≤ R.

Òîãäà, åñëè ñåòêà ω̄ óäîâëåòâîðÿåò óñëîâèþ

max
i
hi ≤ h0,

ãäå h0 = h0(p, r) � ïîëîæèòåëüíàÿ ïîñòîÿííàÿ, òî ðàçíîñòíàÿ

ôóíêöèÿ Ãðèíà (2.11) îïåðàòîðà Lh (2.3),(2.6) îãðàíè÷åíà ðàâíî-

ìåðíî ïî ε:

|G(xi, ξj)| ≤ c = 4/r0.

Òàê êàê ðåøåíèå (2.9) ïðåäñòàâèìî â âèäå (2.10), èç òåîðåìû

âûòåêàåò

Ñ ë å ä ñ ò â è å 2.1. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 2.1.

Òîãäà åñëè vi � ðåøåíèå çàäà÷è (2.9),(2.3),(2.6), òî

||v||Lh
∞(ω̄) ≤ c||f ||Lh

1 (ω̄)
.

Ä î ê à ç à ò å ë ü ñ ò â î ò å î ð å ì û 2.1. Îáîçíà÷àÿ äëÿ

óäîáñòâà vi ≡ G(xi, ξj) ïðè íåêîòîðîì ôèêñèðîâàííîì ξj, ïîêà-

æåì, ÷òî äëÿ êàæäîãî ξj, j = 1, . . . , N − 1 ñïðàâåäëèâà îöåíêà

|vi| = |G(xi, ξj)| ≤ c,

ãäå c � ïîñòîÿííàÿ, íå çàâèñÿùàÿ îò j, ε èëè N .
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Èòàê,

(Lhv)i = −ε
(
phvx̄

)
x̂,i

−
(
A[rhv]

)
x̂,i

= δh(xi, ξj), i = 1, . . . , N − 1,

v0 = vN = 0.

(2.12)

Óìíîæàÿ êàæäîå óðàâíåíèå (2.12) íà h̄i è ñóììèðóÿ óðàâíåíèÿ ñ

íîìåðàìè îò i äî N − 1, i = 1, . . . , N − 1, ïîëó÷èì

(Lhv)i ≡ ε
(
phvx̄

)
i
+
(
A[rhv]

)
i
= a+

{
1 ïðè i ≤ j,

0 ïðè i > j,

i = 1, . . . , N − 1,

(2.13)

ãäå

a = ε
(
phvx̄

)
N
+
(
A[rhv]

)
N
=

(
0.5rhN−1 − ε

phN
hN

)
vN−1. (2.14)

Ðàññìîòðèì äâà ñëó÷àÿ.

à) Ïóñòü

ε
phN
hN

− 0.5rhN−1 ≥ 0. (2.15)

Ðåøåíèå óðàâíåíèÿ (2.13) vi ñ íóëåâûìè ãðàíè÷íûìè óñëîâè-

ÿìè ïðåäñòàâèìî â âèäå

vi = aVi +Wi, (2.16)

ãäå Vi è Wi � ðåøåíèÿ ñëåäóþùèõ ðàçíîñòíûõ çàäà÷

(LhV )i = 1, i = 1, . . . , N − 1, V0 = VN = 0, (2.17)

(LhW )i =

{
1 ïðè i ≤ j,

0 ïðè i > j,
W0 = WN = 0, (2.18)
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à ïîñòîÿííàÿ a îïðåäåëÿåòñÿ ñîîòíîøåíèåì (2.14), êîòîðîå ñ ó÷å-

òîì (2.16) äàåò

a = −

(
ε
phN
hN

− 0.5rhN−1

)
WN−1

1 +

(
ε
phN
hN

− 0.5rhN−1

)
VN−1

. (2.19)

Çàìåòèì, ÷òî (2.17) è (2.18) åñòü ñèñòåìû ëèíåéíûõ àëãåáðàè-

÷åñêèõ óðàâíåíèé ñ òðåõäèàãîíàëüíîé ìàòðèöåé, ýëåìåíòû êîòî-

ðîé ïîëîæèòåëüíû íà äèàãîíàëè è îòðèöàòåëüíû âíå äèàãîíàëè.

Ïðè÷åì åñëè N � äîñòàòî÷íî áîëüøîå, òî ýòî ìàòðèöà ñ äèàãî-

íàëüíûì ïðåîáëàäàíèåì íå ìåíüøèì (r0 −Rh0/2) ≥ r0/2.

Ñëåäîâàòåëüíî [29, 17] ýòà ìàòðèöà ÿâëÿåòñÿ ìîíîòîííîé, è

äëÿ çàäà÷ (2.17) è (2.18) ñïðàâåäëèâ ïðèíöèï ìàêñèìóìà, â ñèëó

êîòîðîãî èìååì

0 ≤ Wi ≤ Vi ≤ 2/r0.

Äàëåå, èç (2.15) è (2.19) ïîëó÷àåì

−1 < a ≤ 0.

Îòñþäà, ñ ó÷åòîì (2.16),

|vi| ≤ Vi ≤ 2/r0, (2.20)

÷òî äîêàçûâàåò óòâåðæäåíèå òåîðåìû â ñëó÷àå à).

á) Ïóñòü

ε
phN
hN

− 0.5rhN−1 < 0. (2.21)
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Ââåäåì â ðàññìîòðåíèå ñåòî÷íóþ ôóíêöèþ

wi ≡ rhi vi, (2.22)

êîòîðàÿ â ñèëó (2.13),(2.14) îïðåäåëÿåòñÿ ñîîòíîøåíèÿìè

ε
phi
rhi−1

wx̄,i + εphi

(
1

rh

)
x̄,i

wi + (Aw)i −
(
0.5− ε

phN
hN rhN−1

)
wN−1 =

=

{
1 ïðè i ≤ j,

0 ïðè i > j,
i = 1, . . . , N − 1,

w0 = wN = 0.

(2.23)

Çàìåòèì, ÷òî (2.23) åñòü ñèñòåìà ëèíåéíûõ àëãåáðàè÷åñêèõ

óðàâíåíèé ñ ìàòðèöåé, îòëè÷íûå îò íóëÿ ýëåìåíòû êîòîðîé ðàñ-

ïîëîæåíû íà òðåõ ãëàâíûõ äèàãîíàëÿõ è â ïîñëåäíåì (N − 1)-îì

ñòîëáöå. Ïðè÷åì âíåäèàãîíàëüíûå ýëåìåíòû ýòîé ìàòðèöû â ñèëó

(2.21) íåïîëîæèòåëüíû.

Çàìåòèì òàêæå, ÷òî â ñèëó (2.21) ïðè N �äîñòàòî÷íî áîëüøîì

ε

∣∣∣∣∣phi
(

1

rh

)
x̄,i

∣∣∣∣∣ ≤ εp̄
R

r20
≤ 0.5hN

r̄

p0
p̄
R

r20
≤ 1

4
.

Ïîýòîìó ýëåìåíòû íà äèàãîíàëè ïîëîæèòåëüíû è âî âñåõ ñòðîêàõ

äèàãîíàëüíîå ïðåîáëàäàíèå íå ìåíüøå 1/4.

Òàêèì îáðàçîì [17] ýòà ìàòðèöà ÿâëÿåòñÿ ìîíîòîííîé è äëÿ

çàäà÷è (2.23) ñïðàâåäëèâ ïðèíöèï ìàêñèìóìà, â ñèëó êîòîðîãî

èìååì 0 ≤ wi ≤ 4, è ñëåäîâàòåëüíî

0 ≤ vi ≤ 4/r0.

Òåîðåìà äîêàçàíà.
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2.2. Àïïðîêñèìàöèÿ è ñõîäèìîñòü

Ðàññìîòðèì íà ñãóùàþùåéñÿ â ïîãðàíè÷íîì ñëîå êóñî÷íî-ðàâ-

íîìåðíîé ñåòêå Ω (1.7) ÷åòûðåõòî÷å÷íóþ ñõåìó (2.3),(2.6), ïîãðåø-

íîñòü àïïðîêñèìàöèè êîòîðîé

ψi ≡ fhi −
(
Lhu

)
i
= (Lu)(xi)− (Lhu)i (2.24)

íà ãëàäêèõ ðåøåíèÿõ åñòü O(h̄i+ h̄i+1) â óçëàõ i = n− 1, n,N − 1

è O(h̄2i ) â îñòàëüíûõ óçëàõ. Èìååò ìåñòî

Ò å î ð å ì à 2.2. Ïóñòü u(x) �ðåøåíèå çàäà÷è (2.1) ñ äî-

ñòàòî÷íî ãëàäêèìè êîýôôèöèåíòàìè è ïðàâîé ÷àñòüþ, à uhi �

ðåøåíèå çàäà÷è (2.3),(2.3),(2.6) íà ñåòêå Ω (1.7), ïàðàìåòð C

êîòîðîé óäîâëåòâîðÿåò óñëîâèþ

C > 2p(0)/r(0). (2.25)

Òîãäà

||uhi − u(xi)||Lh
∞(Ω) = O(N−2 ln2N)

ðàâíîìåðíî ïî ε.

Ä î ê à ç à ò å ë ü ñ ò â î. Ïóñòü zi ≡ uhi −u(xi) � ïîãðåøíîñòü

ðåøåíèÿ. Òîãäà

(Lhz)i = ψi, i = 1, . . . , N − 1,

z0 = zN = 0,
(2.26)

è â ñèëó ñëåäñòâèÿ 2.1

||z||Lh
∞(Ω) ≤ c||ψ||Lh

1 (Ω)
. (2.27)
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Ïîâòîðÿÿ â óïðîùåííîì âèäå ðàññóæäåíèÿ, èñïîëüçîâàííûå â [2]

ïðè äîêàçàòåëüñòâå òåîðåìû 4, óáåæäàåìñÿ, ÷òî åñëè âûïîëíåíî

óñëîâèå (2.25), òî

||ψ||Lh
1 (Ω)

= O(N−2 ln2N)

ðàâíîìåðíî ïî ε. Ýòà îöåíêà âìåñòå ñ (2.27) çàâåðøàåò äîêàçà-

òåëüñòâî òåîðåìû.

2.3. Ìîäèôèöèðîâàííàÿ ÷åòûðåõòî÷å÷íàÿ ñõå-

ìà è åå ôóíêöèÿ Ãðèíà

Çàìåòèì, ÷òî îïåðàòîð Lh (2.3),(2.6) íå äàåò ñêîëüêî-íèáóäü

ðàçóìíîãî ñîïðÿæåííîãî îïåðàòîðà â îòëè÷èå îò îïåðàòîðà L̃h,

îòëè÷àþùåãîñÿ îò Lh íà ñåòêå Ω (1.7) ëèøü â óçëàõ i = 1, n− 1,

n è çàäàâàåìîãî íà ïðîèçâîëüíîé íåðàâíîìåðíîé ñåòêå ω̄ (1.3) ñî-

îòíîøåíèÿìè

(L̃hv)1 ≡ −ε
(
phvx̄

)
x̂,1

−
(
rhv
)

◦
x,i

+ 0.5
[
h̄i
(
hi(r

hv)x̄
)
x̂

]
x̂,1

−
− 0.5(rhv)x̌,1,

(L̃hv)i ≡ −ε
(
phvx̄

)
x̂,i

−
(
rhv
)

◦
x,i

+ 0.5
[
h̄i
(
hi(r

hv)x̄
)
x̂

]
x̂,i
,

i = 2, . . . , N − 2,

(L̃hv)N−1 ≡ −ε
(
phvx̄

)
x̂,N−1

−
(
rhv
)
x,N−1

,

(2.28)

èç êîòîðûõ ïðè hN−1 = hN ïîëó÷àåì

(L̃hv)i = −ε
(
phvx̄

)
x̂,i

−
(
Ã[rhv]

)
x̂,i
, i = 1, . . . , N − 1, (2.29)
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ãäå Ã � ñëåäóþùèé îïåðàòîð:

(Ãw)i ≡


w1 − 0.5(w2 − w0), i = 1,

wi − 0.5(wi+1 − wi), i = 2, . . . , N − 1,

0.5(wN−1 + wN), i = N.

(2.30)

Íåñëîæíî óáåäèòüñÿ, ÷òî ñåòî÷íûé îïåðàòîð L̃h∗, ñîïðÿæåí-

íûé ê L̃h â ñìûñëå ñêàëÿðíîãî ïðîèçâåäåíèÿ (1.14), ò. å.

(L̃hu, v) = (u, L̃h∗v), (2.31)

èìååò âèä

(L̃h∗v)1 ≡ −ε
(
phi+1vx

)
x̌,1

+ rh1vx̄,1,

(L̃h∗v)i ≡ −ε
(
phi+1vx

)
x̌,i

+ rhi

[
(v)◦x,i − 0.5(h̄i(hi+1vx)x̌)x̌,i

]
,

i = 2, . . . , N − 2,

(L̃h∗v)N−1 ≡ −ε
(
phi+1vx

)
x̌,N−1

+

+ rhN−1

[
(v)◦x,N−1

− 0.5(h̄i(hi+1vx)x̌)x̌,N−1

]
+

+ 0.5rhN−1vx̂,N−1,

(2.32)

è ñëåäîâàòåëüíî ïðè h1 = h2

(L̃h∗v)i = −ε
(
phvx̄

)
x̂,i

+ rhi (B̃v)x̌,i = −ε
(
phi+1vx

)
x̌,i

+ rhi (B̃v)x̌,i,

i = 1, . . . , N − 1,

ãäå B̃ � ñëåäóþùèé îïåðàòîð:

(B̃v)i =


0.5(v0 + v1), i = 0,

vi + 0.5(vi − vi−1), i = 1, . . . , N − 2,

vN−1 + 0.5(vN − vN−2), i = N − 1.
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Çàìåòèì, ÷òî îïåðàòîð L̃h∗ àïïðîêñèìèðóåò äèôôåðåíöèàëü-

íûé îïåðàòîð L∗, ñîïðÿæåííûé îïåðàòîðó L èç (2.1), ïðè÷åì ïî-

äîáíî òîìó, êàê ïðè ïîñòîÿííûõ êîýôôèöèåíòàõ è çàìåíå x′ =

1 − x äèôôåðåíöèàëüíûé îïåðàòîð L∗ îáðàùàåòñÿ â L, ðàçíîñò-

íûé îïåðàòîð L̃h∗ îáðàùàåòñÿ â L̃h.

Èçâåñòíî, ÷òî ðåøåíèå çàäà÷è

(L̃hv)i = fi, i = 1, . . . , N − 1, v0 = vN = 0

ïðåäñòàâèìî â âèäå

vi = (G̃(xi, ξj), fj), (2.33)

ãäå G̃(xi, ξj) � ôóíêöèÿ Ãðèíà ðàçíîñòíîãî îïåðàòîðà L̃h, êîòîðàÿ

ââîäèòñÿ àíàëîãè÷íî G(xi, ξj) (2.11). Èìååò ìåñòî

Ò å î ð å ì à 2.3. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 2.1. Ïóñòü

ê òîìó æå ñåòêà ω̄ (1.3) óäîâëåòâîðÿåò óñëîâèÿì

min{h1, hN} ≤ 2εp0/r̄,

hN−1 = hN .

Òîãäà ðàçíîñòíàÿ ôóíêöèÿ Ãðèíà îïåðàòîðà L̃h (2.28),(2.6) îãðà-

íè÷åíà ðàâíîìåðíî ïî ε:∣∣∣G̃(xi, ξj)∣∣∣ ≤ c = 4/r0.

Ä î ê à ç à ò å ë ü ñ ò â î ïîâòîðÿåò äîêàçàòåëüñòâî òåîðå-

ìû 2.1 ñî ñëåäóþùèìè îòëè÷èÿìè, âûçâàííûìè ñïåöèôèêîé çà-

äàíèÿ (Ãw)i (2.30) ïðè i = 1:
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à) Ñåòî÷íûé îïåðàòîð L̃h, àíàëîãè÷íûé îïåðàòîðó Lh (2.13)

èìååò ìàòðèöó ñ äèàãîíàëüíûì ïðåîáëàäàíèåì, íå ìåíüøèì

(r0 −Rh0)/2 ≥ r0/4.

á) Äèàãîíàëüíîå ïðåîáëàäàíèå â ïåðâîé ñòðîêå ìàòðèöû ñè-

ñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé, àíàëîãè÷íîé ñèñòåìå

(2.23), óñòàíàâëèâàåòñÿ ñëåäóþùèì îáðàçîì. Â ñèëó (2.21) hN >

2εp0/r̄, è ñëåäîâàòåëüíî ïî óñëîâèþ òåîðåìû h1 ≤ 2εp0/r̄. Îòñþäà,

ïðèíèìàÿ âî âíèìàíèå â óðàâíåíèè (2.23) ïðè i = 1 ñëàãàåìîå

ε
ph1
rh0
wx̄,1 =

ε

h1

ph1
rh0
w1,

ïîëó÷àåì, ÷òî äèàãîíàëüíîå ïðåîáëàäàíèå â ïåðâîé ñòðîêå íå ìåíü-

øå
ε

h1

p0
r̄
− 1

4
≥ 1

4
.

Â çàêëþ÷åíèå ýòîãî ðàçäåëà çàìåòèì, ÷òî ðåøåíèå çàäà÷è(
L̃h∗w

)
i
= fi, i = 1, . . . , N − 1,

w0 = wN = 0,

ïðåäñòàâëÿåòñÿ ïðè ïîìîùè ôóíêöèè Ãðèíà ïî ôîðìóëå

wi =
(
G̃(ξj, xi), fj

)
.
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2.4. Àïïðîêñèìàöèÿ è ñõîäèìîñòü ìîäèôèöè-

ðîâàííîé ÷åòûðåõòî÷å÷íîé ñõåìû

Ðàññìîòðèì íà ñãóùàþùåéñÿ â ïîãðàíè÷íîì ñëîå êóñî÷íî-ðàâ-

íîìåðíîé ñåòêå Ω (1.7) ÷åòûðåõòî÷å÷íóþ ñõåìó ñ îïåðàòîðîì L̃h

(2.28),(2.6)

(L̃hũh)i = fhi , i = 1, . . . , N − 1,

ũh0 = g0, ũhN = g1,
(2.34)

ïîãðåøíîñòü àïïðîêñèìàöèè êîòîðîé

ψ̃i ≡ fhi −
(
L̃hu

)
i
= ψi +

(
Lhu− L̃hu

)
i
, (2.35)

ãäå ψi (2.24) � ïîãðåøíîñòü àïïðîêñèìàöèè ñõåìû ñ îïåðàòîðîì

Lh (2.3),(2.6). Çàìåòèì, ÷òî îïåðàòîðû Lh è L̃h îòëè÷àþòñÿ â óç-

ëàõ i = 1, n− 1, n, è åñëè ïîãðåøíîñòü àïïðîêñèìàöèè ψi îïå-

ðàòîðà Lh íà ãëàäêèõ ðåøåíèÿõ åñòü O(h̄i + h̄i+1) â óçëàõ i =

n − 1, n,N − 1 è O(h̄2i ) â îñòàëüíûõ óçëàõ, òî ïîãðåøíîñòü àï-

ïðîêñèìàöèè ψ̃i îïåðàòîðà L̃h íà ãëàäêèõ ðåøåíèÿõ åñòü ëèøü

O(1) â óçëàõ i = 1, n− 1, n. Ñ äðóãîé ñòîðîíû îïåðàòîð L̃h îáëà-

äàåò ñîïðÿæåííûì îïåðàòîðîì L̃h∗ (2.32), ÷òî ïîçâîëÿåò ïîëó÷èòü

òåîðåìó ñõîäèìîñòè è äëÿ çàäà÷è, ñîïðÿæåííîé çàäà÷å (2.1) (çà-

ìå÷àíèå 2.1).

Ðàññìîòðèì ψ̃i áîëåå ïîäðîáíî.

Ë å ì ì à 2.1. Åñëè ïàðàìåòð C ñåòêè Ω óäîâëåòâîðÿåò óñëî-

âèþ

C > 2p(0)/r(0),
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òî ïîãðåøíîñòü àïïðîêñèìàöèè ψ̃i (2.35) ïðåäñòàâèìà â âèäå

ψ̃i = ψi + ηx̂,i, (2.36)

ãäå

||ψi||Lh
1
= O(N−2 ln2N), (2.37)

ηi =

{
0, i ̸= 1, n,

O(N−1 lnN), i = 1, n
(2.38)

ðàâíîìåðíî ïî ε.

Ä î ê à ç à ò å ë ü ñ ò â î. Èç ïðåäñòàâëåíèé (2.7),(2.8) îïå-

ðàòîðà Lh è (2.29),(2.30) îïåðàòîðà L̃h ëåãêî âèäíî, ÷òî íà ñåòêå

Ω (1.7) (Lhu− L̃hu)i = ηx̂,i, ãäå ηi = 0 ïðè i ̸= 1, n. Äàëåå, ïîâòî-

ðÿÿ â óïðîùåííîì âèäå ðàññóæäåíèÿ, èñïîëüçîâàííûå â [2] ïðè

äîêàçàòåëüñòâå òåîðåìû 4, ïîëó÷àåì óòâåðæäåíèå ëåììû.

Èìååò ìåñòî

Ò å î ð å ì à 2.4. Ïóñòü u(x) �ðåøåíèå çàäà÷è (2.1) ñ äî-

ñòàòî÷íî ãëàäêèìè êîýôôèöèåíòàìè è ïðàâîé ÷àñòüþ, à ũhi �

ðåøåíèå çàäà÷è (2.34),(2.28),(2.6) íà ñåòêå Ω (1.7), ïàðàìåòð C

êîòîðîé óäîâëåòâîðÿåò óñëîâèþ

C > 2p(0)/r(0). (2.39)

Òîãäà

||ũhi − u(xi)||Lh
∞
= O(N−2 ln2N) (2.40)

ðàâíîìåðíî ïî ε.
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Ä î ê à ç à ò å ë ü ñ ò â î. Ïóñòü zi ≡ ũhi −u(xi) � ïîãðåøíîñòü

ðåøåíèÿ. Òîãäà

(L̃hz)i = ψ̃i, i = 1, . . . , N − 1,

z0 = zN = 0,
(2.41)

ãäå ψ̃i �ïîãðåøíîñòü àïïðîêñèìàöèè (2.35), äëÿ êîòîðîé ñïðàâåä-

ëèâà ëåììà 2.1.

Ââåäåì â ðàññìîòðåíèå ôóíêöèþ Vi, îïðåäåëÿåìóþ ñîîòíîøå-

íèÿìè
−εphi Vx̄,i = ηi, i = 1, . . . , N,

V0 = 0.
(2.42)

Ó÷èòûâàÿ ñîîòíîøåíèÿ (2.38) äëÿ ηi, ïîëó÷àåì

Vi = O(N−2 ln2N),

Vi − Vi−1 = 0, i ̸= 1, n.
(2.43)

Òîãäà ïîãðåøíîñòü ðåøåíèÿ zi ïðåäñòàâèìà â âèäå

zi = Vi − VN xi +Wi, (2.44)

ãäå

||Vi − VN xi||Lh
∞
= O(N−2 ln2N),

à Wi åñòü ðåøåíèå çàäà÷è

(LhW )i = Fi ≡
◦
ψ +

(
ηx̂ − LhV

)
i
+ VN(L

hxi),

W0 = WN = 0.

Çàìå÷àÿ, ÷òî ñåòêàΩ (1.7) óäîâëåòâîðÿåò óñëîâèÿì òåîðåìû 2.3,

è ÷òî Wi ïðåäñòàâëÿåòñÿ ïðè ïîìîùè ðàçíîñòíîé ôóíêöèè Ãðèíà
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â âèäå (2.33), â ñèëó òåîðåìû 2.3 èìååì

||Wi||Lh
∞
= c ||Fi||Lh

1
.

Î÷åâèäíî, ÷òî

VN(L
hxi) = O(N−2 ln2N).

Ïðèíèìàÿ òàêæå âî âíèìàíèå ëåììó 2.1, èìååì

||Wi||Lh
∞
≤ ||ηx̂ − LhV ||Lh

1
+O(N−2 ln2N).

Äàëåå, ó÷èòûâàÿ ïðåäñòàâëåíèå îïåðàòîðà L̃h (2.29),(2.30) è

ñîîòíîøåíèÿ (2.42),(2.43) äëÿ Vi, ïîëó÷àåì

||ηx̂ − LhV ||Lh
1
= ||

(
A[rhV ]

)
x̂
||Lh

1
≤ 2

N∑
i=1

|rhi Vi − rhi−1Vi−1| ≤

≤ 2

(
N∑
i=1

|rhi − rhi−1| |Vi|+
N∑
i=1

rhi−1|Vi − Vi−1|

)
= O(N−2 ln2N),

÷òî çàâåðøàåò äîêàçàòåëüñòâî òåîðåìû.

Ç à ì å ÷ à í è å. 2.1. Åñëè çàäà÷ó äëÿ ñîïðÿæåííîãî ê (2.1)

óðàâíåíèÿ àïïðîêñèìèðîâàòü ïðè ïîìîùè ñîïðÿæåííîãî ê L̃h îïå-

ðàòîðà L̃h∗ (2.32) íà ñåòêå Ω′, ñãóùàþùåéñÿ êàê è Ω (1.7), íî íà

ïðàâîì êîíöå îòðåçêà [0, 1], òî èìååò ìåñòî òåîðåìà àíàëîãè÷íàÿ

òåîðåìå 2.4.

2.5. ×åòûðåõòî÷å÷íàÿ ñõåìà ñ ïåðåìåííûì ïà-

ðàìåòðîì è åå ôóíêöèÿ Ãðèíà

Íà ïðîèçâîëüíîé íåðàâíîìåðíîé ñåòêå ω̄ (1.3) ðàññìîòðèì ÷å-

òûðåõòî÷å÷íûé îïåðàòîð L̄h (2.4),(2.6) ñ ïåðåìåííûì ïàðàìåòðîì
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αi (2.5). Ëåãêî âèäåòü, ÷òî

(L̄hv)i = −ε
(
phvx̄

)
x̂,i

−

{ (
Ā[rhv]

)
x̂,i
, i = 1, . . . , N − 2,

(rhv)◦x,N−1
, i = N − 1,

(2.45)

ãäå Ā � ñëåäóþùèé îïåðàòîð:

(Āw)i ≡ −(0.5− αi)(wi − wi−1) + wi − αi
hi
hi+1

(wi+1 − wi),

i = 1, . . . , N − 1.
(2.46)

Èçâåñòíî, ÷òî ðåøåíèå çàäà÷è

(L̄hv)i = fi, i = 1, . . . , N − 1, v0 = vN = 0

ïðåäñòàâèìî â âèäå

vi = (Ḡ(xi, ξj), fj),

ãäå Ḡ(xi, ξj) � ôóíêöèÿ Ãðèíà ðàçíîñòíîãî îïåðàòîðà L̄h, êîòîðàÿ

ââîäèòñÿ àíàëîãè÷íî G(xi, ξj) (2.11). Èìååò ìåñòî

Ò å î ð å ì à 2.5. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 2.1. Ïóñòü

ê òîìó æå ñåòêà ω̄ óäîâëåòâîðÿåò óñëîâèþ

hN−1 = hN ,

è îäíîìó èç ñëåäóþùèõ óñëîâèé

ëèáî
ε

hN−1
≥ r̄

2p0
;

ëèáî hN/h0 ≥ c̃,

ãäå c̃ � ïîëîæèòåëüíàÿ ïîñòîÿííàÿ. Òîãäà ðàçíîñòíàÿ ôóíêöèÿ

Ãðèíà îïåðàòîðà L̄h (2.28),(2.6) îãðàíè÷åíà ðàâíîìåðíî ïî ε:∣∣Ḡ(xi, ξj)∣∣ ≤ c̄ = c̄ (p(x), r(x)) .
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Ä î ê à ç à ò å ë ü ñ ò â î. Îáîçíà÷àÿ äëÿ óäîáñòâà vi ≡ Ḡ(xi, ξj)

ïðè íåêîòîðîì ôèêñèðîâàííîì ξj, ïîêàæåì, ÷òî äëÿ êàæäîãî ξj,

j = 1, . . . , N − 1 ñïðàâåäëèâà îöåíêà

|vi| =
∣∣Ḡ(xi, ξj)∣∣ ≤ c̄,

ãäå c̄ � ïîñòîÿííàÿ, íå çàâèñÿùàÿ îò j, ε èëè N .

Èòàê,

(L̄hv)i = −ε
(
phvx̄

)
x̂,i

−
(
Ā[rhv]

)
x̂,i

= δh(xi, ξj), i = 1, . . . , N − 2,

(L̄hv)N−1 = −ε
(
phvx̄

)
x̂,N−1

−
(
rhv
)

◦
x,N−1

= δh(xN−1, ξj),

v0 = vN = 0.

(2.47)

Óìíîæàÿ êàæäîå óðàâíåíèå (2.47) íà h̄i è ñóììèðóÿ óðàâíåíèÿ ñ

íîìåðàìè îò i äî N − 1, i = 1, . . . , N − 1, ïîëó÷èì

(L̄hv)i ≡ ε
(
phvx̄

)
i
+
(
Ā[rhv]

)
i
= a+

{
1 ïðè i ≤ j,

0 ïðè i > j,

i = 1, . . . , N − 1,

(2.48)

ãäå

a = ε
(
phvx̄

)
N
+

(rhv)N − (rhv)N−2

2
+
(
A[rhv]

)
N−1

. (2.49)

Ðåøåíèå óðàâíåíèÿ (2.48) vi ñ íóëåâûìè ãðàíè÷íûìè óñëîâè-

ÿìè ïðåäñòàâèìî â âèäå

vi = aVi +Wi, (2.50)

ãäå Vi è Wi � ðåøåíèÿ ñëåäóþùèõ ðàçíîñòíûõ çàäà÷

(L̄hV )i = 1, i = 1, . . . , N − 1, V0 = VN = 0, (2.51)
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(L̄hW )i =

{
1 ïðè i ≤ j,

0 ïðè i > j,
W0 = WN = 0. (2.52)

Çàìåòèì, ÷òî (2.51) è (2.52) åñòü ñèñòåìû ëèíåéíûõ àëãåáðàè-

÷åñêèõ óðàâíåíèé ñ òðåõäèàãîíàëüíîé ìàòðèöåé, ïðè÷åì òàê êàê

(L̄hv)i = −
[
εphi
hi

− rhi (0.5− αi)

]
vi−1 +

+

[
εphi
hi

+ rhi

{
−(0.5− αi) + 1 + αi

hi
hi+1

}]
vi − αi

hi
hi+1

rhi+1vi+1,

òî â ñèëó âûáîðà αi (2.5) ýëåìåíòû ýòîé ìàòðèöû ïîëîæèòåëüíû

íà äèàãîíàëè è îòðèöàòåëüíû âíå äèàãîíàëè, è åñëè N � äîñòà-

òî÷íî áîëüøîå, òî ýòî ìàòðèöà ñ äèàãîíàëüíûì ïðåîáëàäàíèåì íå

ìåíüøèì (r0 −Rh0/2) ≥ r0/2.

Ñëåäîâàòåëüíî [29, 17] ýòà ìàòðèöà ÿâëÿåòñÿ ìîíîòîííîé, è

äëÿ çàäà÷ (2.51) è (2.52) ñïðàâåäëèâ ïðèíöèï ìàêñèìóìà, â ñèëó

êîòîðîãî èìååì

0 ≤ Wi ≤ Vi ≤ 2/r0. (2.53)

Ðàññìîòðèì äâà ñëó÷àÿ.

à) Ïóñòü

ε
phN−1

hN−1rhN−2

− 0.5 ≥ 0. (2.54)

Òîãäà â ñèëó (2.5) αN−1 = 0, è (2.49) îáðàùàåòñÿ â ñîîòíîøåíèå

a = −
(
ε
phN
hN

− 0.5rhN−1

)
vN−1,
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èç êîòîðîãî ñ ó÷åòîì (2.50) ïîëó÷àåì

a = −

(
ε
phN
hN

− 0.5rhN−1

)
WN−1

1 +

(
ε
phN
hN

− 0.5rhN−1

)
VN−1

.

Åñëè ìíîæèòåëü â ñêîáêàõ ïîëîæèòåëåí, òî −1 < a ≤ 0. Â ïðî-

òèâíîì ñëó÷àå, òàê êàê ïî óñëîâèþ òåîðåìû hN−1 = hN è ôóíêöèè

p(x) è r(x) ïðåäïîëàãàþòñÿ äîñòàòî÷íî ãëàäêèìè, èç (2.54) èìååì

rhN−2

2phN−1

≤ ε

hN
≤
rhN−1

2phN
,

è ñëåäîâàòåëüíî ìíîæèòåëü â ñêîáêàõ åñòü O(h0). Îòñþäà ïðè

äîñòàòî÷íî áîëüøîì N èìååì |a| ≤ 1, è ñëåäîâàòåëüíî

|vi| ≤ 4/r0,

÷òî äîêàçûâàåò óòâåðæäåíèå òåîðåìû â ñëó÷àå à).

á) Ïóñòü

ε
phN−1

hN−1rhN−2

− 0.5 ≤ 0. (2.55)

Óðàâíåíèå (2.47) ïðè i = N − 1 ñ ó÷åòîì íóëåâûõ ãðàíè÷íûõ

óñëîâèé ìîæíî ïåðåïèñàòü â âèäå

ε

(
phN−1

hN−1
+
phN
hN

)
vN−1 +

(
rhN−2

2
− ε

phN−1

hN−1

)
vN−2 = δj,N−1 =

=

{
1, j = N − 1,

0, j ̸= N − 1.
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Çàìåòèì, ÷òî çäåñü â ñèëó (2.55) âî âòîðîì ñëàãàåìîì ìíîæèòåëü

â ñêîáêàõ íåîòðèöàòåëåí. Îòñþäà â ñèëó (2.50)

a = a1 + a2,

ãäå

a1 = −
ε

(
phN−1

hN−1
+
phN
hN

)
WN−1 +

(
rhN−2

2
− ε

phN−1

hN−1

)
WN−2

ε

(
phN−1

hN−1
+
phN
hN

)
VN−1 +

(
rhN−2

2
− ε

phN−1

hN−1

)
VN−2

a2 =
δj,N−1

ε

(
phN−1

hN−1
+
phN
hN

)
VN−1 +

(
rhN−2

2
− ε

phN−1

hN−1

)
VN−2

,

è â ñèëó (2.53)

−1 < a1 < 0,

0 ≤ a2 ≤

≤
[{

ε

(
phN−1

hN−1
+
phN
hN

)
+

(
rhN−2

2
− ε

phN−1

hN−1

)}
min {VN−1, VN−2}

]−1

≤

≤ 2

r0min {VN−1, VN−2}
,

ò. å.

|a| ≤ max

{
1,

2

r0min {VN−1, VN−2}

}
,

|vi| ≤
4

r0
max

{
1,

2

r0min {VN−1, VN−2}

}
. (2.56)

Çàìåòèì, ÷òî â ñèëó ïðèíöèïà ìàêñèìóìà [29] äëÿ ñèñòåìû

(2.51) Vi îöåíèâàåòñÿ ñíèçó ôóíêöèåé Ṽ (xi):

0 ≤ Ṽ (xi) < Vi, (2.57)
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ãäå

Ṽ (x) =
p0
3c̃p̄r̄

x

[
1− exp

{
−1− x

hN

}]
,

è ñëåäîâàòåëüíî

Ṽ (0) = Ṽ (1) = 0, 0 ≤ Ṽ (x) ≤ p0
3c̃p̄r̄

, |Ṽ ′(x)| ≤ p0
3c̃p̄r̄

(
1 +

1

hN

)
.

Äåéñòâèòåëüíî, òàê êàê(
L̄hṼ

)
(xi) =

p0
3c̃p̄r̄

[
εp(xi)Ṽ

′(ξ) + (rṼ )(xi)− 0.5hi(rṼ )
′
(η)
]
,

ãäå ξ, η ∈ [xi−1, xi+1], òî ïðèíèìàÿ âî âíèìàíèå, ÷òî â ñèëó (2.55)

ε ≤ 0.5h0r̄/p0, ïðè äîñòàòî÷íî áîëüøîì N ïðèõîäèì ê îöåíêå∣∣∣(L̄hṼ
)
(xi)

∣∣∣ ≤ p0
3c̃p̄r̄

[
h0
r̄p̄

p0

(
1 +

1

hN

)
+ (r̄ + 0.5h0R)

]
≤ 1 =

(
L̄hV

)
i
,

êîòîðàÿ â ñèëó ïðèíöèïà ìàêñèìóìà äîêàçûâàåò (2.57).

Òàêèì îáðàçîì ïðè äîñòàòî÷íî áîëüøîì N ïîëó÷àåì îöåíêó,

min {VN−1, VN−2} ≥ p0
3c̃p̄r̄

(1− 2h0)(1− e−1) ≥ p0
6c̃p̄r̄

,

êîòîðàÿ âìåñòå ñ (2.56) äîêàçûâàåò òåîðåìó ñ ïîñòîÿííîé

c̄ =
48c̃p̄r̄

p0r0
.



73

2.6. Àïïðîêñèìàöèÿ è ñõîäèìîñòü ÷åòûðåõòî-

÷å÷íîé ñõåìû ñ ïåðåìåííûì ïàðàìåòðîì

Ðàññìîòðèì íà ñãóùàþùåéñÿ â ïîãðàíè÷íîì ñëîå êóñî÷íî-ðàâ-

íîìåðíîé ñåòêå Ω (1.7) ÷åòûðåõòî÷å÷íóþ ñõåìó (2.4),(2.6) ñ ïåðå-

ìåííûì ïàðàìåòðîì αi (2.5), ïîãðåøíîñòü àïïðîêñèìàöèè êîòî-

ðîé

ψ̄i ≡ fhi −
(
L̄hu

)
i
= (Lu)(xi)− (L̄hu)i.

Òàê êàê |αx̂,i| ≤ const, òî èç (2.4) âûòåêàåò, ÷òî ïîãðåøíîñòü àï-

ïðîêñèìàöèè ýòîé ñõåìû íà ãëàäêèõ ðåøåíèÿõ åñòü O(h̄i + h̄i+1)

â óçëàõ i = n− 1, n è O(h̄2i ) â îñòàëüíûõ óçëàõ. Èìååò ìåñòî

Ò å î ð å ì à 2.6. Ïóñòü u(x) �ðåøåíèå çàäà÷è (2.1) ñ äî-

ñòàòî÷íî ãëàäêèìè êîýôôèöèåíòàìè è ïðàâîé ÷àñòüþ, à ūhi �

ðåøåíèå çàäà÷è (2.4),(2.6),(2.5) íà ñåòêå Ω (1.7), ïàðàìåòð C

êîòîðîé óäîâëåòâîðÿåò óñëîâèþ

C > 2p(0)/r(0).

Òîãäà

||ūhi − u(xi)||Lh
∞(Ω) = O(N−2 ln2N)

ðàâíîìåðíî ïî ε.

Ä î ê à ç à ò å ë ü ñ ò â î. Çàìå÷àÿ, ÷òî ñåòêà Ω (1.7) óäîâëå-

òâîðÿåò óñëîâèÿì òåîðåìû 2.5, ïîâòîðÿåì ðàññóæäåíèÿ, èñïîëü-

çîâàííûå ïðè äîêàçàòåëüñòâå òåîðåìû 2.2.
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Òàáëèöà 2.1:

N ε = 1 ε = 10−2 ε = 10−4 ε = 10−6 ε = 10−8

8 .00480 .25451 .28686 .28719 .28720
2.7 3.9 3.7 3.7 3.7

16 .00175 .06467 .07770 .07784 .07784
3.5 3.9 3.9 3.9 3.9

32 .00050 .01642 .01986 .01991 .01991
3.7 2.1 2.9 2.9 2.9

64 .00013 .00778 .00695 .00694 .00694
3.9 2.5 2.5 2.5 2.5

128 .00003 .00308 .00279 .00278 .00278
3.9 2.8 2.8 2.8 2.8

256 .00001 .00109 .00099 .00099 .00099

2.7. ×èñëåííûå ðåçóëüòàòû

Ïðèâåäåì ÷èñëåííûå ðåçóëüòàòû, èëëþñòðèðóþùèå òî÷íîñòü

èññëåäîâàííûõ ñõåì. Çàäà÷à(1.86)�(1.88) ðåøàëàñü íà ñåòêåΩ (1.7)

ïðè 2n = N , ò. å. ïðè îäèíàêîâîì ÷èñëå óçëîâ â <ïîãðàíñëîå> è

âíå åãî, A = 0.5, C = 2 ïî ñîîòâåòñòâóþùåé îïåðàòîðó Lh ÷åòû-

ðåõòî÷å÷íîé ñõåìå (2.3) (òàáëèöû 2.1, 2.3, ðèñóíîê 2) è ñîîòâåò-

ñòâóþùåé îïåðàòîðó L̄h ÷åòûðåõòî÷å÷íîé ñõåìå (2.4) ñ ïåðåìåí-

íûì ïàðàìåòðîì (2.5) (òàáëèöû 2.2, 2.4, ðèñóíîê 3). Â òàáëèöàõ

2.1 è 2.2 ïðèâåäåíû çíà÷åíèÿ Lh
∞ - íîðìû ïîãðåøíîñòè ðåøåíèÿ

äëÿ ðàçëè÷íûõ ε è N è óêàçàíà ñêîðîñòü óáûâàíèÿ ïîãðåøíîñòè

ïðè óäâîåíèè ÷èñëà óçëîâ. Ïîñòðî÷íûé àíàëèç òàáëèö ïðè êàæ-

äîì N ñâèäåòåëüñòâóåò î ñòàáèëèçàöèè ïîãðåøíîñòè ïðè ε → 0,

÷òî ÿâëÿåòñÿ îòðàæåíèåì ôàêòà ðàâíîìåðíîé ñõîäèìîñòè.
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Òàáëèöà 2.2:

N ε = 1 ε = 10−2 ε = 10−4 ε = 10−6 ε = 10−8

8 0.00211 0.10525 0.13089 0.13114 0.13114
4.0 4.3 3.4 3.4 3.4

16 0.00053 0.02462 0.03871 0.03886 0.03886
4.0 6.7 4.2 4.2 4.2

32 0.00013 0.00368 0.00928 0.00934 0.00935
4.0 1.7 4.2 4.2 4.2

64 0.00003 0.00218 0.00219 0.00222 0.00222
4.0 2.5 4.2 4.1 4.1

128 0.00001 0.00086 0.00052 0.00053 0.00053
4.0 3.2 3.4 3.5 3.5

256 0.00000 0.00027 0.00016 0.00015 0.00015

Â �1 àíàëîãè÷íûå ÷èñëåííûå ðåçóëüòàòû ïðèâåäåíû äëÿ ñõå-

ìû ñ öåíòðàëüíîé ðàçíîñòüþ. Ñðàâíåíèå ïîêàçûâàåò, ÷òî ñõåìà ñ

öåíòðàëüíîé ðàçíîñòüþ â 2�4 ðàçà (äëÿ ðàçëè÷íûõ ε è N) òî÷-

íåå ÷åòûðåõòî÷å÷íîé ñõåìû ñ îïåðàòîðîì Lh. Ñõåìà æå, ñîîòâåò-

ñòâóþùàÿ îïåðàòîðó L̄h ñ ïåðåìåííûì ïàðàìåòðîì ñðàâíèìà ïî

òî÷íîñòè ñî ñõåìîé ñ öåíòðàëüíîé ðàçíîñòüþ, ïðè ýòîì ñõåìà ñ

öåíòðàëüíîé ðàçíîñòüþ íåñêîëüêî òî÷íåå ýòîé ÷åòûðåõòî÷å÷íîé

ñõåìû íà ãðóáûõ ñåòêàõ è ìåíåå òî÷íà íà áîëåå ìåëêèõ ñåòêàõ.

Â òàáëèöàõ 2.3 è 2.4 ïðèâåäåíà ïîòî÷å÷íàÿ ïîãðåøíîñòü ðå-

øåíèÿ ðàññìàòðèâàåìûõ ÷åòûðåõòî÷å÷íûõ ñõåì ïðè ε = 10−4 è

N = 20. Ïîñêîëüêó ñõåìû ìîíîòîííûå, ïîãðåøíîñòü ìåíÿåòñÿ

áåç îñöèëÿöèé. Íà ðèñóíêàõ 2 è 3 ñïëîøíîé ëèíèåé èçîáðàæå-

íî òî÷íîå ðåøåíèå ïðè ε = 10−4, à êðóæî÷êàìè � ïðèáëèæåííîå

ðåøåíèå, ïîëó÷àåìîå ïî ýòèì äâóì ñõåìàì ïðè N = 20. Ïðè ýòîì
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Òàáëèöà 2.3: Òàáëèöà 2.4:

i xi zi i xi zi

0 0.00000 .00000 0 0.00000 .00000
1 0.00005 .01873 1 0.00005 .00125
2 0.00011 .01588 2 0.00011 .00658
3 0.00017 .00670 3 0.00017 .01200
4 0.00023 −.00274 4 0.00023 .01633
5 0.00029 −.01050 5 0.00029 .01943
6 0.00035 −.01624 6 0.00035 .02153
7 0.00041 −.02025 7 0.00041 .02289
8 0.00047 −.02294 8 0.00047 .02375
9 0.00053 −.02466 9 0.00053 .02428
10 0.00059 −.02548 10 0.00059 .02461

11 0.10053 −.03604 11 0.10053 .01684
12 0.20047 −.04038 12 0.20047 .01251
13 0.30041 −.04419 13 0.30041 .00870
14 0.40035 −.04728 14 0.40035 .00557
15 0.50029 −.04946 15 0.50029 .00326
16 0.60023 −.05045 16 0.60023 .00184
17 0.70017 −.04967 17 0.70017 .00132
18 0.80011 −.04555 18 0.80011 .00151
19 0.90005 −.03354 19 0.90005 .00176
20 1.00000 .00000 20 1.00000 .00000

ìàñøòàá â ïîãðàíñëîå øèðèíû δ = 2ε lnN äëÿ íàãëÿäíîñòè óâå-

ëè÷åí.
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Ãëàâà 2.

Ðàçíîñòíûå ñõåìû äëÿ ïàðàáîëè÷åñêèõ

óðàâíåíèé, âûðîæäàþùèõñÿ â

ãèïåðáîëè÷åñêèå óðàâíåíèÿ

�1. Ðàâíîìåðíàÿ ïî ìàëîìó ïàðàìåòðó

ñõîäèìîñòü ñõåìû ñ âåñàìè

Â ýòîì ïàðàãðàôå äëÿ îäíîìåðíîãî íåñòàöèîíàðíîãî óðàâíå-

íèÿ êîíâåêöèè-äèôôóçèè èññëåäóåòñÿ äâóõñëîéíàÿ ðàçíîñòíàÿ

ñõåìà ñ âåñàìè ñ àïïðîêñèìàöèåé ïåðâîé ïðîèçâîäíîé ïî ïðî-

ñòðàíñòâó öåíòðàëüíûì ðàçíîñòíûì îòíîøåíèåì. Ïîêàçàíî, ÷òî

íà ñãóùàþùåéñÿ â ïîãðàíè÷íîì ñëîå êóñî÷íî-ðàâíîìåðíîé ñåò-

êå ïðè σ ≥ 0.5 èññëåäóåìàÿ ñõåìà ñõîäèòñÿ ðàâíîìåðíî ïî ìà-

ëîìó ïàðàìåòðó â ñìûñëå ñåòî÷íîé íîðìû Lh
∞ ñî ñêîðîñòüþ

O
(
N−2 ln2N + (σ − 0.5)τ + τ 2

)
, ãäå σ � ïàðàìåòð ñõåìû, N �

÷èñëî óçëîâ ñåòêè ïî ïðîñòðàíñòâó, τ � øàã ïî âðåìåíè.



78

Ðàññìîòðèì ïåðâóþ êðàåâóþ çàäà÷ó äëÿ îäíîìåðíîãî íåñòà-

öèîíàðíîãî óðàâíåíèÿ êîíâåêöèè-äèôôóçèè

u̇+ Lεu = f(x, t), 0 < x < 1, 0 < t ≤ T,

u(0, t) = µ1(t), u(1, t) = µ2(t), 0 < t ≤ T,

u(x, 0) = φ(x), 0 ≤ x ≤ 1,

(1.1)

ãäå Lε � ñèíãóëÿðíî âîçìóùåííûé îïåðàòîð ñ ìàëûì ïàðàìåòðîì

ε ∈ (0, 1], çàäàâàåìûé ñîîòíîøåíèåì

Lεv ≡ −ε(p(x)v′)′ − r(x)v′ + q(x)v, (1.2)

êîýôôèöèåíòû êîòîðîãî

p(x) ≥ p0 = const > 0, r(x) ≥ r0 = const > 0,

q(x) ≥ 0

ïðåäïîëàãàþòñÿ äîñòàòî÷íî ãëàäêèìè.

Áóäåì òàêæå ïðåäïîëàãàòü, ÷òî äëÿ çàäà÷è (1.1) φ(0) = µ1(0),

φ(1) = µ2(0) è âûïîëíÿþòñÿ óñëîâèÿ ñîãëàñîâàíèÿ [22], êîòîðûå

îáåñïå÷èâàþò äîñòàòî÷íóþ ãëàäêîñòü ðåøåíèÿ.

Èçâåñòíî [11, 8], ÷òî ïðè ε→ 0 ðåøåíèå çàäà÷è (1.1) ñõîäèòñÿ

ïðè 0 < x ≤ 1 ê ðåøåíèþ âûðîæäåííîé çàäà÷è

v̇ − r(x)v′ + q(x)v = f(x, t),

v(1, t) = µ2(t), v(x, 0) = φ(x),

è ïðè ìàëûõ ε íåèñïîëüçîâàííîå ãðàíè÷íîå óñëîâèå ïðèâîäèò ê

îáðàçîâàíèþ â îêðåñòíîñòè x = 0 òàê íàçûâàåìîãî ýëëèïòè÷å-

ñêîãî ïîãðàíè÷íîãî ñëîÿ, ãäå ðåøåíèå u(x, t) áûñòðî ìåíÿåòñÿ ïî
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ïåðåìåííîé x, à åãî ïðîèçâîäíûå ïî ýòîé ïåðåìåííîé íå ÿâëÿþò-

ñÿ îãðàíè÷åííûìè ðàâíîìåðíî ïî ε. Òàê, ïðè p(x) ≡ r(x) ≡ 1,

q(x) ≡ φ(x) ≡ 0, f(x, t) ≡ 0, µ2(t) ≡ 0 ðåøåíèå (1.1) ïðåäñòàâèìî

â âèäå

u(x, t) = µ1(t) exp(−x/ε) +O(ε).

Äëÿ ñòàöèîíàðíîãî óðàâíåíèÿ ñ îïåðàòîðîì Lε (1.2) íà ñãóùà-

þùåéñÿ â ïîãðàíè÷íîì ñëîå êóñî÷íî-ðàâíîìåðíîé ñåòêå Ω (1.1.7)

óñòàíîâëåíà ðàâíîìåðíàÿ ïî ε ñõîäèìîñòü â ñìûñëå ñåòî÷íîé íîð-

ìû Lh
∞ ðÿäà êëàññè÷åñêèõ ðàçíîñòíûõ ñõåì [37, 2, 18], â òîì ÷èñëå

ðàâíîìåðíàÿ ñõîäèìîñòü èçâåñòíîé òðåõòî÷å÷íîé ñõåìû ñ àïïðîê-

ñèìàöèåé ïåðâîé ïðîèçâîäíîé öåíòðàëüíûì ðàçíîñòíûì îòíîøå-

íèåì (�1 ãëàâû 1). Äëÿ íåñòàöèîíàðíîãî óðàâíåíèÿ (1.1),(1.2) â

[37] íà ñåòêå Ω (1.1.7) èññëåäîâàíà íåÿâíàÿ ÷åòûðåõòî÷å÷íàÿ ðàç-

íîñòíàÿ ñõåìà ñ àïïðîêñèìàöèåé ïåðâîé ïðîèçâîäíîé ïî ïðîñòðàí-

ñòâó îäíîñòîðîííåé ðàçíîñòüþ è ïîêàçàíà åå ðàâíîìåðíàÿ ïî ε

ñõîäèìîñòü ñî ñêîðîñòüþ O(N−1 lnN + τ).

Íàñòîÿùèé ïàðàãðàô ïîñâÿùåí äâóõñëîéíîé ðàçíîñòíîé ñõåìå

ñ âåñàìè [29] ñ àïïðîêñèìàöèåé ïåðâîé ïðîèçâîäíîé ïî ïðîñòðàí-

ñòâó öåíòðàëüíûì ðàçíîñòíûì îòíîøåíèåì.

Ââåäåì ðàâíîìåðíóþ ñåòêó ïî âðåìåíè

ωτ = { tj | tj = jτ, j = 0, . . . , K, τ = T/K } (1.3)

è ñåòêó â [0, 1]× [0, T ]

Ω× ωτ = { (xi, tj), i = 0, . . . , N, j = 0, . . . , K }, (1.4)
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è îáîçíà÷èì, êàê îáû÷íî,

hi = xi − xi−1, h̄i =
hi + hi+1

2
,

vx̄,i =
vi − vi−1

hi
, vx̂,i =

vi+1 − vi
h̄i

, v◦
x,i

=
vi+1 − vi−1

2h̄i
;

vt =
v̂ − v

τ
, vσ = σv̂ + (1− σ)v,

v̂ = vj+1
i , v = vji .

Äëÿ ñåòî÷íûõ ôóíêöèé, îïðåäåëåííûõ íà Ω è îáðàùàþùèõñÿ

â íóëü ïðè i = 0 è i = N , ââåäåì ñêàëÿðíîå ïðîèçâåäåíèå (1.14)

è íîðìû (1.15),(1.16). Äëÿ ñåòî÷íûõ ôóíêöèé, îïðåäåëåííûõ ïðè

i = 1, . . . , N , ââåäåì ñêàëÿðíîå ïðîèçâåäåíèå

(u, v] =
N∑
i=1

uivihi.

Íà ñåòêå Ω×ωτ ðàññìîòðèì äâóõñëîéíóþ ðàçíîñòíóþ ñõåìó ñ

âåñàìè[
uht + Lh

εu
h,σ
]j
i
= fh,ji , i = 1, . . . , N − 1, j = 0, . . . , K − 1,

uh,j0 = µ1(tj), uh,jN = µ2(tj), j = 0, . . . , K,

uh,0i = φh
i , i = 0, . . . , N,

(1.5)

ãäå σ ∈ [0.5, 1] � ïàðàìåòð ñõåìû, ñîîòíîøåíèå

Lh
εv ≡ −ε

(
phvx̄

)
x̂
− rhv◦

x + qhv (1.6)

çàäàåò òðåõòî÷å÷íûé ðàçíîñòíûé îïåðàòîð, àïïðîêñèìèðóþùèé Lε,

phi = p(xi − hi/2), rhi = r(xi), qhi = q(xi),

fh,ji = σf(xi, tj+1) + (1− σ)f(xi, tj),

φh
i = φ(xi) +O(N−2), φh

0 = φ(0), φh
N = φ(1).

(1.7)
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Çàìåòèì, ÷òî åñëè ñåòêà ðàâíîìåðíàÿ, òî íà ãëàäêèõ ðåøåíèÿõ ýòà

ñõåìà èìååò ïîãðåøíîñòü àïïðîêñèìàöèè O(h2 + (σ− 0.5)τ + τ 2).

Îñíîâíûì ðåçóëüòàòîì ïàðàãðàôà ÿâëÿåòñÿ äîêàçûâàåìàÿ â

ðàçäåëå 1.3

Ò å î ð å ì à 1.1. Ïóñòü u(x, t) � ðåøåíèå çàäà÷è (1.1),(1.2)

ñ äîñòàòî÷íî ãëàäêèìè êîýôôèöèåíòàìè, íà÷àëüíûì óñëîâèåì

è ïðàâîé ÷àñòüþ, à uh,ji � ðåøåíèå çàäà÷è (1.5)�(1.7) ñ íà÷àëü-

íûì óñëîâèåì

Lh
εφ

h = (Lεφ) (xi), i = 1, . . . , N − 1, φh
0 = φ(0), φh

N = φ(1),

(1.8)

íà ñåòêå Ω× ωτ (1.1.7),(1.3),(1.4), ïàðàìåòð C êîòîðîé óäîâëå-

òâîðÿåò óñëîâèþ

C > 2p(0)/r(0). (1.9)

Òîãäà

1) ïðè σ > 0.5

max
j

||uh,ji − u(xi, tj)||Lh
∞(Ω) = O(N−2 ln2N + τ); (1.10)

2) ïðè σ = 0.5

max
j

||0.5(uh,ji + uh,j+1
i )− u(xi, tj + τ/2)||Lh

∞(Ω) = O(N−2 ln2N+τ 2)

(1.11)

ðàâíîìåðíî ïî ε.
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1.1. Óñòîé÷èâîñòü ñõåìû ñ âåñàìè â íîðìå Lh2

Ñïðàâåäëèâà

Ò å î ð å ì à 1.2. Ïóñòü 0.5 ≤ σ ≤ 1 è |r′(x)| ≤ R = const.

Òîãäà, åñëè øàã ïî âðåìåíè τ < τ0 ≡ R−1, òî ñõåìà ñ âåñàìè

(1.5)�(1.7) ïðè îäíîðîäíûõ ãðàíè÷íûõ óñëîâèÿõ óñòîé÷èâà â íîð-

ìå Lh
2 ïî íà÷àëüíûì äàííûì è ïðàâîé ÷àñòè, ò. å. åñëè[
yt + Lh

εy
σ
]j
i
= f ji , i = 1, . . . , N − 1, j = 0, . . . , K − 1,

yj0 = yjN = 0, j = 0, . . . , K,

y0i = φi, i = 1, . . . , N − 1,

(1.12)

òî

||yj+1|| ≤ c

||φ||+

√√√√ j∑
j′=1

τ ||f j′||2

 ,

ãäå c �íåêîòîðàÿ ïîñòîÿííàÿ1.

Ä î ê à ç à ò å ë ü ñ ò â î. Óìíîæàÿ ðàçíîñòíîå óðàâíåíèå

(1.12) â ñìûñëå ñêàëÿðíîãî ïðîèçâåäåíèÿ (1.14) íà yσ è ó÷èòûâàÿ,

÷òî äëÿ ëþáîé ñåòî÷íîé ôóíêöèè vi, îáðàùàþùåéñÿ â íóëü ïðè

i = 0 è i = N , (
rhv◦

x, v
)
= −0.5(rhx̄,ivi, vi−1], (1.13)

ïîëó÷àåì

(yt, y
σ) = −ε(phyσx̄ , yσx̄ ]− 0.5(rhx̄,iy

σ
i , y

σ
i−1]− (qhyσ, yσ) + (f, yσ) ≤
≤ c

(
||ŷ||2 + ||y||2 + ||f ||2

)
,

1Çäåñü è íèæå â ýòîì ïàðàãðàôå îäíîé è òîé æå áóêâîé c îáîçíà÷àþòñÿ ðàçëè÷íûå

ïîñòîÿííûå, íå çàâèñÿùèå îò ε, N è τ .
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ò. å.

σ||ŷ||2 ≤ (1− σ)||y||2 +2(σ− 0.5)(y, ŷ) + cτ
(
||ŷ||2 + ||y||2 + ||f ||2

)
.

Âîñïîëüçîâàâøèñü íåðàâåíñòâîì 2(y, ŷ) ≤ ||y||2 + ||ŷ||2, èìååì

0.5||ŷ||2 ≤ 0.5||y||2 + cτ
(
||ŷ||2 + ||y||2 + ||f ||2

)
,

ò. å.

||ŷ||2 ≤ (1 + cτ)||y||2 + cτ ||f ||2.

Çàìå÷àÿ, ÷òî (1+ cτ)j ≤ exp(cτj) ≤ exp(cT ), ïîëó÷àåì óòâåðæäå-

íèå òåîðåìû.

1.2. Àïðèîðíûå îöåíêè

Â �1 ãëàâû 1 ðàññìàòðèâàëàñü êðàåâàÿ çàäà÷à äëÿ ñòàöèîíàð-

íîãî óðàâíåíèÿ ñ îïåðàòîðîì Lε (1.2) è äîêàçàíà òåîðåìà 1.1.3,

êîòîðóþ â îáîçíà÷åíèÿõ íàñòîÿùåãî ïàðàãðàôà ìîæíî ïåðåôîð-

ìóëèðîâàòü ñëåäóþùèì îáðàçîì

Ò å î ð å ì à 1.1.3′. Ïóñòü êîýôôèöèåíòû p(x) è r(x) îïåðà-

òîðà Lε (1.2) äîñòàòî÷íî ãëàäêèå. Òîãäà, åñëè íà ñåòêå Ω (1.1.7)(
Lh
εv
)
i
= fi, i = 1, . . . , N − 1, v0 = vN = 0,

òî

||v||Lh
∞(Ω) ≤ c||f ||Lh

1 (Ω)
,

ãäå c � íåêîòîðàÿ ïîñòîÿííàÿ, íå çàâèñÿùàÿ îò ε è N .
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Â íàñòîÿùåì ðàçäåëå ðàññìàòðèâàåòñÿ ñõåìà ñ âåñàìè (1.5)�

(1.7) ñ îäíîðîäíûìè ãðàíè÷íûìè óñëîâèÿìè è ïðàâîé ÷àñòüþ âèäà

f1 + fσ2 :[
yt + Lh

εy
σ
]j
i
= [f1 + fσ2 ]

j
i , i = 1, . . . , N − 1, j = 0, . . . , K − 1,

yj0 = yjN = 0, j = 0, . . . , K,

y0i = φi, i = 0, . . . , N,

(1.14)

ãäå φ0 = φN = 0. Èìååò ìåñòî

Ò å î ð å ì à 1.3. Ïóñòü y � ðåøåíèå (1.14) è âûïîëíÿþòñÿ

óñëîâèÿ òåîðåìû 1.1.3′. Òîãäà

1) ïðè 0.5 ≤ σ ≤ 1

||yσ,j||Lh
∞(Ω) ≤ c

(
||f 02 − Lh

εφ||+ ||f 01 ||+ ||f 02 ||Lh
1 (Ω)

+ ||f 02,t||Lh
1 (Ω)

+

+max
j

{
||f j1,t||+ ||f j2,tt||Lh

1 (Ω)

})
;

(1.15)

2) åñëè σ > 0.5, òî

||yj||Lh
∞(Ω) ≤ ||φ||Lh

∞(Ω) +
1

2σ − 1
max

j
||yσ,j||Lh

∞(Ω). (1.16)

Ä î ê à ç à ò å ë ü ñ ò â î. 1) Ðåøåíèå (1.14) ïðåäñòàâèìî â

âèäå

y = v + w,

ãäå v è w � ðåøåíèÿ ñëåäóþùèõ ðàçíîñòíûõ çàäà÷

Lh
εw

j = f j2 , i = 1, . . . , N − 1,

wj
0 = wj

N = 0,

j = 0, . . . , K;

(1.17)
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Lh
εv

σ = f1 − vt − wt, i = 1, . . . , N − 1, j = 0, . . . , K − 1,

vj0 = vjN = 0, j = 0, . . . , K,

v0i = φi − w0
i , i = 0, . . . , N.

(1.18)

Îòñþäà, ïðèíèìàÿ âî âíèìàíèå òåîðåìó 1.1.3′ è (1.16), èìååì

||yσ,j||Lh
∞(Ω) ≤ ||wσ,j||Lh

∞(Ω) + c
(
||f j1 ||+ ||V j||+ ||wj

t ||
)
, (1.19)

ãäå V ≡ vt ÿâëÿåòñÿ, êàê ëåãêî âèäåòü, ðåøåíèåì ðàçíîñòíîé çà-

äà÷è

Vt + Lh
εV

σ = f1,t − wtt, i = 1, . . . , N − 1, j = 0, . . . , K − 2,

V j
0 = V j

N = 0, j = 0, . . . , K − 1,

V 0 + στLh
εV

0 = f 01 + f 02 − Lh
εφ− w0

t , i = 1, . . . , N − 1.

Çàìåòèì, ÷òî ïîñëåäíåå óðàâíåíèå � óðàâíåíèå äëÿ V 0 � ÿâëÿþ-

ùååñÿ â ýòîé çàäà÷å íà÷àëüíûì óñëîâèåì, ïîëó÷åíî èç óðàâíåíèÿ

(1.18) ïðè j = 0. Óìíîæàÿ ýòî óðàâíåíèå ñêàëÿðíî íà V 0, ñ ó÷åòîì

(1.13) èìååì

||V 0||2 + στ
{
(phV 0

x̄ , V
0
x̄ ] + 0.5(rhx̄,iV

0
i−1, V

0
i ] + (qhV 0, V 0)

}
=

= (f 01 + f 02 − Lh
εφ− w0

t , V
0),

è ñëåäîâàòåëüíî

||V 0|| ≤ c
(
||f 01 ||+ ||f 02 − Lh

εφ||+ ||w0
t ||
)
.
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Ó÷èòûâàÿ ýòî, îöåíèì ||V j|| ïî òåîðåìå 1.2 è ïîäñòàâèì ýòó îöåíêó

â (1.19):

||yσ,j||Lh
∞(Ω) ≤ c

(
||f 02 − Lh

εφ||+

+max
j

{
||f j1 ||+ ||f j1,t||+ ||wj||Lh

∞(Ω) + ||wj
t ||+ ||wj

tt||
})

.

Äàëåå, çàìå÷àÿ, ÷òî w �ðåøåíèå (1.17), ìîæåì îöåíèòü ñëàãàåìûå

ñ w ïî òåîðåìå 1.1.3′:

||wj||Lh
∞(Ω) ≤ c||f j2 ||Lh

1 (Ω)
, ||wj

t || ≤ c||f j2,t||Lh
1 (Ω)

, ||wj
tt|| ≤ c||f j2,tt||Lh

1 (Ω)
.

Ïðèíèìàÿ òàêæå âî âíèìàíèå, ÷òî äëÿ ëþáîé ñåòî÷íîé ôóíêöèè

Y è ëþáîé íîðìû || · ||

||Y j|| ≤ ||Y 0||+ T max
j

||Y j
t ||,

ïîëó÷àåì (1.15).

2) Çàìå÷àÿ, ÷òî

ŷ = −1− σ

σ
y +

1

σ
yσ,

è ÷òî ïðè σ > 0.5 èìååì
1− σ

σ
< 1, è âîñïîëüçîâàâøèñü ôîðìó-

ëîé ñóììû ãåîìåòðè÷åñêîé ïðîãðåññèè, ïîëó÷àåì (1.16). Òåîðåìà

äîêàçàíà.
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1.3. Ïîãðåøíîñòü àïïðîêñèìàöèè è ñõîäèìîñòü

Ä î ê à ç à ò å ë ü ñ ò â î ò å î ð å ì û 1.1.

Ïóñòü zji ≡ uh,ji − u(xi, tj) � ïîãðåøíîñòü ðåøåíèÿ. Òîãäà[
zt + Lh

εz
σ
]j
i
= Ψj

i , i = 1, . . . , N − 1, j = 0, . . . , K − 1,

zj0 = zjN = 0, j = 0, . . . , K,

z0i = ϕi ≡ φh
i − φ(xi), i = 0, . . . , N.

(1.20)

Çäåñü

Ψj
i ≡ fh,ji − (u(xi, tj))t − Lh

ε(u(xi, tj))
σ

� ïîãðåøíîñòü àïïðîêñèìàöèè ñõåìû (1.5)�(1.7), êîòîðàÿ, êàê ëåã-

êî âèäåòü, ïðåäñòàâèìà â âèäå

Ψ = Ψ1 +Ψσ
2 ,

ãäå
Ψj

1,i = (u̇(xi, tj))
σ − (u(xi, tj))t,

Ψj
2,i = (Lεu) (xi, tj)− Lh

ε (u(xi, tj)) .

Òîãäà äëÿ çàäà÷è (1.20) ñïðàâåäëèâà òåîðåìà 1.3 è èç (1.15) èìååì

||zσ,j||Lh
∞(Ω) ≤ c

(
||Ψ0

2 − Lh
εϕ||+ ||Ψ0

1||+ ||Ψ0
2||Lh

1 (Ω)
+ ||Ψ0

2,t||Lh
1 (Ω)

+

+max
j

{
||Ψj

1,t||+ ||Ψj
2,tt||Lh

1 (Ω)

})
.

(1.21)

Çàìå÷àÿ, ÷òî Ψ0
2,i = (Lεφ) (xi)− Lh

ε (φ(xi)), â ñèëó (1.8) èìååì

Lh
εϕ−Ψ0

2,i = 0, (1.22)

è, òàê êàê φ(x) ïðåäïîëàãàåòñÿ äîñòàòî÷íî ãëàäêîé ôóíêöèåé,

||Ψ0
2||Lh

1 (Ω)
= O(N−2). (1.23)
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Îòñþäà, âîñïîëüçîâàâøèñü òåîðåìîé 1.1.3′ äëÿ (1.22), ïîëó÷àåì

||ϕ||Lh
∞(Ω) ≡ ||φh

i − φ(xi)||Lh
∞(Ω) = O(N−2). (1.24)

×òîáû îöåíèòü îñòàëüíûå ñëàãàåìûå â ïðàâîé ÷àñòè (1.21) âîñ-

ïîëüçóåìñÿ ïðåäñòàâëåíèåì ðåøåíèÿ çàäà÷è (1.1) â âèäå [37, ñ. 221]

u(x, t) = U(x, t) + V (x, t),

ãäå ∣∣∣∣ ∂k+l

∂kx ∂lt
U

∣∣∣∣ ≤ c,

∣∣∣∣ ∂k+l

∂kx ∂lt
V

∣∣∣∣ ≤ cε−k exp
(
−αx

ε

)
,

k, l = 0, . . . , 4,

α � ëþáàÿ ïîñòîÿííàÿ α < r(0)/p(0), ïðè÷åì

V̇ + LεV = 0. (1.25)

Çàìåòèì, ÷òî

Ψj
1,i = Ψ1,i(tj), Ψj

2,i = Ψ2,i(tj),

ãäå Ψ1,i(t) è Ψ1,i(t) � ôóíêöèè íåïðåðûâíîãî àðãóìåíòà t è äèñ-

êðåòíîãî àðãóìåíòà xi:

Ψ1,i(t) ≡ σu̇(xi, t+ τ) + (1− σ)u̇(xi, t)−
u(xi, t+ τ)− u(xi, t)

τ
,

Ψ2,i(t) ≡ (Lε) (xi, t)− Lh
ε (u(xi, t)) .

Òîãäà ïî òåîðåìå Ëàãðàíæà∣∣∣(Ψ1,t)
j
i

∣∣∣ = ∣∣∣Ψ̇1,i

(
t̃j(xi)

)∣∣∣ ≤ max
t

∣∣∣Ψ̇1,i(t)
∣∣∣ =

= max
t

∣∣∣∣σü(xi, t+ τ) + (1− σ)ü(xi, t)−
u̇(xi, t+ τ)− u̇(xi, t)

τ

∣∣∣∣ ,
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è, êàê ëåãêî âèäåòü,

||Ψj
1||+ ||Ψj

1,t|| = O
(
(σ − 0.5)τ + τ 2

)
. (1.26)

Àíàëîãè÷íî äëÿ Ψ2 èìååì∣∣∣(Ψ2,t)
j
i

∣∣∣ = ∣∣∣Ψ̇2,i

(
t̃j(xi)

)∣∣∣ ≤ max
t

∣∣∣Ψ̇2,i(t)
∣∣∣ =

= max
t

∣∣(Lεu̇) (xi, t)− Lh
ε (u̇(xi, t))

∣∣ ,
è ñëåäîâàòåëüíî ∣∣∣(Ψ2,t)

j
i

∣∣∣ ≤ ψi + ψ̄i,

ãäå

ψi ≡ max
t

∣∣∣(LεU̇
)
(xi, t)− Lh

ε

(
U̇(xi, t)

)∣∣∣ ,
ψ̄i ≡ max

t

∣∣∣(LεV̇
)
(xi, t)− Lh

ε

(
V̇ (xi, t)

)∣∣∣ , (1.27)

ïðè÷åì â ñèëó (1.25)

ψ̄i = max
t

∣∣∣V̈ (xi, t) + Lh
ε

(
V̇ (xi, t)

)∣∣∣ . (1.28)

Ëåãêî âèäåòü, ÷òî

ψi =

{
O
(
N−2

)
, i ̸= n,

O
(
N−1

)
, i = n,

è ñëåäîâàòåëüíî

||ψ||Lh
1 (Ω)

= O
(
N−2

)
.

Äàëåå íàøè ðàññóæäåíèÿ â óïðîùåííîì âèäå ïîâòîðÿþò ðàññóæ-

äåíèÿ, èñïîëüçîâàííûå â [2] ïðè äîêàçàòåëüñòâå òåîðåìû 4. Çàìå-
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÷àÿ, ÷òî èç ïðåäñòàâëåíèé ψ̄i (1.27) è (1.28) âûòåêàåò

ψ̄ ≤ c


h2i
ε3

exp
(
−αxi−1

ε

)
, i = 1, . . . , n− 1, n+ 2, . . . , N − 1,

H

h2 + ε2
exp

(
−αxi−1

ε

)
, i = n, n+ 1,

â ñèëó óñëîâèÿ (1.9) èìååì

||ψ̄||Lh
1 (Ω)

= O
(
N−2 ln2N

)
,

è ñëåäîâàòåëüíî

||Ψj
2,t||Lh

1 (Ω)
= O

(
N−2 ln2N

)
(1.29)

ðàâíîìåðíî ïî ε.

Ïîëó÷àÿ àíàëîãè÷íûì îáðàçîì îöåíêó

||Ψj
2,tt||Lh

1 (Ω)
= O

(
N−2 ln2N

)
(1.30)

è ïîäñòàâëÿÿ (1.22), (1.23), (1.26), (1.29) è (1.30) â (1.21), èìååì

||zσ,j||Lh
∞(Ω) = O

(
N−2 ln2N + (σ − 0.5)τ + τ 2

)
.

Îòñþäà ïðè σ > 0.5 èç (1.16) òåîðåìû 1.3 ñ ó÷åòîì (1.24) ïîëó÷àåì

(1.10), à ïðè σ = 0.5 ñ ó÷åòîì

0.5 [u(xi, tj+1) + u(xi, tj)]− u(xi, tj + τ/2) = O(τ 2)

ïîëó÷àåì (1.11). Òåîðåìà äîêàçàíà.
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Òàáëèöà 1.1:

σ = 1.0

τ−1 N ε = 1 ε = 10−2 ε = 10−4 ε = 10−6

16 8 .01952 .06287 .06191 .06189
16 .02008 .02101 .02396 .02401
32 .02019 .01946 .02023 .02025

32 8 .00973 .06520 .06480 .06479
16 .01014 .02203 .02164 .02163
32 .01024 .01018 .01088 .01091

64 8 .00473 .06635 .06628 .06628
16 .00505 .02231 .02218 .02218
32 .00514 .00759 .00753 .00753

128 8 .00223 .06692 .06704 .06703
16 .00248 .02238 .02239 .02239
32 .00257 .00750 .00750 .00750

256 8 .00100 .06721 .06742 .06742
16 .00119 .02239 .02248 .02248
32 .00127 .00742 .00745 .00744

1.4. ×èñëåííûå ðåçóëüòàòû

Ïðèâåäåì ÷èñëåííûå ðåçóëüòàòû, èëëþñòðèðóþùèå òî÷íîñòü

èññëåäîâàííîé ñõåìû. Ëåãêî âèäåòü, ÷òî ôóíêöèÿ

u(x) =
e−x/ε − e−1/ε

1− e−1/ε
sin 2t+ 2x cos

πx

2
sin t

ÿâëÿåòñÿ ðåøåíèåì çàäà÷è

u̇ = εu′′ + u′ + f(x, t), 0 < x < 1, 0 < t ≤ 1,

u(0, t) = sin 2t, u(1, t) = 0, 0 ≤ t ≤ 1,

u(x, 0) = 0, 0 ≤ x ≤ 1,
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Òàáëèöà 1.2:

σ = 0.5

τ−1 N ε = 1 ε = 10−2 ε = 10−4 ε = 10−6

8 8 .00270 .06781 .06806 .06805
16 .00146 .02277 .02298 .02298
32 .00117 .00771 .00783 .00783
64 .00110 .00275 .00282 .00283
128 .00108 .00111 .00117 .00117

16 8 .00191 .06757 .06787 .06787
16 .00068 .02248 .02267 .02266
32 .00037 .00748 .00755 .00755
64 .00029 .00253 .00256 .00256
128 .00027 .00087 .00089 .00089

32 8 .00171 .06751 .06782 .06782
16 .00048 .02242 .02259 .02260
32 .00017 .00743 .00749 .00749
64 .00009 .00247 .00249 .00249
128 .00007 .00081 .00082 .00082

ñ ïðàâîé ÷àñòüþ

f(x, t) =
e−x/ε − e−1/ε

1− e−1/ε
2 cos 2t+ 2x cos

πx

2
cos t+

+

((
επ2x

2
− 2

)
cos

πx

2
+ π(2ε+ x) sin

πx

2

)
sin t.

Ýòà çàäà÷à ðåøàëàñü ïî ñõåìå (1.5)�(1.7) íà ñåòêå (1.1.7),(1.3),(1.4)

ïðè 2n = N , ò. å. ïðè îäèíàêîâîì ÷èñëå óçëîâ â �ïîãðàíñëîå�

è âíå åãî, A = 0.5, C = 2. Â òàáëèöàõ ïðèâåäåíû çíà÷åíèÿ

max
j

||uh,ji − u(xi, tj)||Lh
∞(Ω) äëÿ ðàçëè÷íûõ ε, N , τ ïðè σ = 1 è

σ = 0.5. Ïîñòðî÷íûé àíàëèç ïðè êàæäîì N è τ ñâèäåòåëüñòâóåò

î ñòàáèëèçàöèè ïîãðåøíîñòè ïðè ε → 0, ò. å. î ðàâíîìåðíîé ïî ε

ñõîäèìîñòè.
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Ãëàâà 3.

Ðàçíîñòíûå ñõåìû äëÿ ñèíãóëÿðíî

âîçìóùåííûõ ýëëèïòè÷åñêèõ óðàâíåíèé

�1. Íåðàâåíñòâî Ñîáîëåâà â ñëó÷àå àíè-

çîòðîïíûõ ñåòîê

Â ýòîì ïàðàãðàôå äëÿ êóñî÷íî-ëèíåéíûõ íåïðåðûâíûõ ôóíê-

öèé, çàäàííûõ íà òðèàíãóëÿöèè Th îáëàñòè Ω ⊂ R2 ñ êóñî÷íî-

ãëàäêîé ãðàíèöåé, óñòàíîâëåíî, ÷òî èõ íîðìû â C(Ω̄) îãðàíè÷åíû

íîðìàìè â W 1
2 (Ω), óìíîæåííûìè íà c| lnh|1/2, ãäå h � äèàìåòð

íàèìåíüøåãî èç òðåóãîëüíèêîâ τ ∈ Th, à c = c(Ω) � íåêîòîðàÿ

ïîñòîÿííàÿ. Êâàçèðàâíîìåðíîñòü òðèàíãóëÿöèè Th íå ïðåäïîëàãà-
åòñÿ. Ýòîò ðåçóëüòàò èñïîëüçóåòñÿ ïðè èññëåäîâàíèè ðàçíîñòíîé

ñõåìû äëÿ ñèíãóëÿðíî âîçìóùåííîé ýëëèïòè÷åñêîé çàäà÷è (�2).

Èçâåñòíî [25], ÷òî åñëè Ω = (a, b), òî W 1
2 (Ω) ⊂ C(Ω̄), è äëÿ

ëþáîé ôóíêöèè v ∈ W 1
2 (Ω)

||v||C(Ω̄) ≤ c||v||W 1
2 (Ω)

, (1.1)
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ãäå c = c(Ω) � ïîñòîÿííàÿ, íå çàâèñÿùàÿ îò v. Èçâåñòíî òàêæå

[29], ÷òî åñëè íà îòðåçêå [a, b] ââåñòè ïðîèçâîëüíóþ ñåòêó è äëÿ

ñåòî÷íûõ ôóíêöèé, çàäàííûõ â óçëàõ ýòîé ñåòêè, îïðåäåëèòü ñå-

òî÷íûå àíàëîãè íîðì C è W 1
2 , òî äëÿ ñåòî÷íûõ ôóíêöèé áóäåò

ñïðàâåäëèâî íåðàâåíñòâî òèïà (1.1).

Åñëè Ω ⊂ R2, òî âëîæåíèå (1.1) íå èìååò ìåñòà. Îäíàêî, åñëè

â Ω̄ ââåñòè òðèàíãóëÿöèþ Th: Ω̄ =
∪
τ∈Th

τ è ïðåäïîëîæèòü, ÷òî îíà

êâàçèðàâíîìåðíà, ò. å. äèàìåòðû âñåõ òðåóãîëüíèêîâ τ íå ïðåâîñ-

õîäÿò h, à èõ ïëîùàäè íå ìåíüøå ch2, ãäå c > 0 � ïîñòîÿííàÿ, íå

çàâèñÿùàÿ îò h, òî äëÿ çàäàííûõ íà ýòîé òðèàíãóëÿöèè êóñî÷íî-

ëèíåéíûõ íåïðåðûâíûõ ôóíêöèé èìååò ìåñòî [26] òàê íàçûâàåìîå

ñëàáîå âëîæåíèå, ò. å. íåðàâåíñòâî (1.1) ñïðàâåäëèâî ñ ïîñòîÿííîé

c = c(h) = c̃ | lnh|1/2:

||χ||C(Ω̄) ≤ c̃ | lnh|1/2||χ||W 1
2 (Ω)

.

Öåëü íàñòîÿùåãî ïàðàãðàôà � óñòàíîâèòü ñëàáîå âëîæåíèå

äëÿ òðèàíãóëÿöèé, íå ÿâëÿþùèõñÿ, âîîáùå ãîâîðÿ, êâàçèðàâíî-

ìåðíûìè, ýëåìåíòû êîòîðûõ ìîãóò áûòü ñêîëü óãîäíî �ñïëþùåí-

íûìè�.

Ïóñòü Ω ⊂ R2 � îãðàíè÷åííàÿ îáëàñòü ñ êóñî÷íî-ãëàäêîé ãðà-

íèöåé, óãëû êîòîðîé îòëè÷íû îò 0 è 2π, Th � åå òðèàíãóëÿöèÿ,

ò. å. Ω̄ =
∪
τ∈Th

τ , è

h = min
τ∈Th

diam τ. (1.2)

Îñíîâíîé ðåçóëüòàò ïàðàãðàôà �
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Ò å î ð å ì à 1.1. Ïóñòü χ � êóñî÷íî-ëèíåéíàÿ íåïðåðûâíàÿ

ôóíêöèÿ, çàäàííàÿ íà òðèàíãóëÿöèè Th. Òîãäà, åñëè ïàðàìåòð

h òðèàíãóëÿöèè Th, îïðåäåëÿåìûé ñîîòíîøåíèåì (1.2), óäîâëå-

òâîðÿåò óñëîâèþ h ≤ h0, ãäå h0 � íåêîòîðàÿ ïîñòîÿííàÿ, òî

||χ||C(Ω̄) ≤ c | lnh|1/2||χ||W 1
2 (Ω)

,

ãäå c = c(Ω) � ïîñòîÿííàÿ, íå çàâèñÿùàÿ îò χ è h.

Òàê êàê äëÿ ôóíêöèé èç W 1
2 (Ω), ðàâíûõ íóëþ íà ÷àñòè ãðàíè-

öû îáëàñòè Ω íåíóëåâîé äëèíû, ïîëóíîðìà |v|W 1
2 (Ω)

≡ ||∇v||L2(Ω)

ýêâèâàëåíòíà íîðìå ||v||W 1
2 (Ω)

[23], òî èç òåîðåìû âûòåêàåò

Ñ ë å ä ñ ò â è å 1.1. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ òåîðåìû

1.1. Òîãäà åñëè χ = 0 íà S ⊂ ∂Ω � ÷àñòè ãðàíèöû íåíóëåâîé

äëèíû, òî

||χ||C(Ω̄) ≤ c | lnh|1/2||∇χ||L2(Ω),

ãäå c = c(Ω, S) � ïîñòîÿííàÿ, íå çàâèñÿùàÿ îò χ.

Ç à ì å ÷ à í è å 1.1. Åñëè äëÿ ñåòî÷íûõ ôóíêöèé, çàäàííûõ

â âåðøèíàõ òðåóãîëüíèêîâ τi, îïðåäåëèòü ñåòî÷íûå àíàëîãè íîðì

W 1
2 è C [29, 26, 39], òî äëÿ ñåòî÷íûõ ôóíêöèé, î÷åâèäíî, èìååò

ìåñòî òåîðåìà, àíàëîãè÷íàÿ òåîðåìå 1.1.

Òåîðåìà 1.1 åñòü ñëåäñòâèå áîëåå îáùåé òåîðåìû 1.2.

Ò å î ð å ì à 1.2. Ïóñòü Ω ⊂ R2 � îãðàíè÷åííàÿ îáëàñòü ñ

êóñî÷íî-ãëàäêîé ãðàíèöåé, óãëû êîòîðîé îòëè÷íû îò 0 è 2π, à
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ôóíêöèÿ χ ∈ W 1
2 (Ω) òàêîâà, ÷òî åå ñóæåíèå íà òðåóãîëüíèê

τ ⊂ Ω̄ åñòü ëèíåéíàÿ ôóíêöèÿ. Òîãäà

||χ||C(τ) ≤ c1

(
ln

c2
diam τ

)1/2
||χ||W 1

2 (Ω)
,

ãäå c1 = c1(Ω), c2 = c2(Ω) > diamΩ � ïîñòîÿííûå, íå çàâèñÿùèå

îò χ è h.

Äåéñòâèòåëüíî, ïðè âûïîëíåíèè óñëîâèé òåîðåìû 1.1 â ñèëó

òåîðåìû 1.2 èìååì

||χ||C(Ω̄) ≤ c1 max
τ∈T

(
ln

c2
diam τ

)1/2
||χ||W 1

2 (Ω)
= c1

(
ln
c2
h

)1/2
||χ||W 1

2 (Ω)
.

Îòñþäà ïðè h ≤ h0 = c−1
2 ïîëó÷àåì óòâåðæäåíèå òåîðåìû 1.1 ñ

ïîñòîÿííîé c =
√
2c1

Äëÿ äîêàçàòåëüñòâà òåîðåìû 1.2 áóäåò ïîëåçíà

Ë å ì ì à 1.1. Åñëè χ � ëèíåéíàÿ ôóíêöèÿ, çàäàííàÿ íà òðå-

óãîëüíèêå τ , òî

||χ||C(τ) ≤ c3(mes τ)−1/2||χ||L2(τ),

ãäå c3 = 1/3.

Ä î ê à ç à ò å ë ü ñ ò â î. Îáîçíà÷àÿ ÷åðåç a, b, c çíà÷åíèÿ

ôóíêöèè χ â âåðøèíàõ òðåóãîëüíèêà τ , è ó÷èòûâàÿ, ÷òî òàê êàê

ôóíêöèÿ χ ëèíåéíà, òî ||χ||C(τ) = max {|a|, |b|, |c|}, èç ñîîòíîøå-



97

íèé

||χ||2L2(τ)
=

mes τ

6
(a2 + b2 + c2 + ab+ ac+ bc) =

=
mes τ

6

[
(a+ b/2 + c/2)2 +

3

4
(b+ c/3)2 +

2

3
c2
]
≥

≥ mes τ

9
max{a2, b2, c2}

ïîëó÷àåì óòâåðæäåíèå ëåììû.

Ä î ê à ç à ò å ë ü ñ ò â î ò å î ð å ì û 1.2. Ïóñòü B ⊃ Ω̄

� îòêðûòûé êðóã ðàäèóñà R. Èçâåñòíî [25, 26], ÷òî χ ∈ W 1
2 (Ω)

ìîæíî ïðîäîëæèòü íà B ñ ñîõðàíåíèåì íîðìû, ò. å.

||χ||W 1
2 (B) ≤ c4||χ||W 1

2 (Ω)
, (1.3)

ãäå c4 = c4(Ω, B) � ïîñòîÿííàÿ, íå çàâèñÿùàÿ îò χ, òàê, ÷òî

χ|∂B = 0.

Òàê êàê ôóíêöèÿ χ ëèíåéíà íà τ , òî â ñèëó ëåììû 1.1

||χ||C(τ) ≤ c3(mes τ)−1/2||χ||L2(τ). (1.4)

Ëåãêî âèäåòü, ÷òî

||χ||L2(τ) = (χ, ϕ), (1.5)

ãäå

ϕ(M) =

{
χ/||χ||L2(τ), M ∈ τ,

0, M /∈ τ,
(1.6)

� ôóíêöèÿ èç L2(B), ïðè÷åì

||ϕ||L2(B) = 1. (1.7)
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Ââåäåì â ðàññìîòðåíèå ôóíêöèþ v ∈
◦
W 1

2(B), êîòîðàÿ åñòü

îáîáùåííîå ðåøåíèå çàäà÷è

−△v = ϕ, M ∈ B,

v = 0, M ∈ ∂B,
(1.8)

ò. å.

v ∈
◦
W

1
2(B) : (∇v,∇φ) = (ϕ, φ) ∀φ ∈

◦
W

1
2(B). (1.9)

Òîãäà ñ ó÷åòîì (1.5)

||χ||L2(τ) = (∇v,∇χ),

è èç (1.4) ñ ó÷åòîì (1.3) èìååì

||χ||C(τ) ≤ c3c4(mes τ)−1/2||∇v||L2(B)||χ||W 1
2 (Ω)

.

Çàìå÷àÿ, ÷òî â ñèëó (1.9) è (1.6),(1.7)

||∇v||L2(B) =
√

(v, ϕ) ≤
√

||v||L2(τ),

è [34, ñ. 326]

v(M) = (G(M,P ), ϕ(P )) =
(√

G(M,P ),
√
G(M,P )ϕ(P )

)
,

ãäå G(M,P ) � ôóíêöèÿ Ãðèíà çàäà÷è (1.8)

G(M,P ) = G(r, ψ; ρ, θ) =
1

4π
ln
R2 − 2rρ cos(ψ − θ) +

r2ρ2

R2

r2 − 2rρ cos(ψ − θ) + ρ2
≤

≤ 1

2π
ln

2R

rMP
,
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ñ ó÷åòîì íåðàâåíñòâà Êîøè-Áóíÿêîâñêîãî èìååì

||v||2L2(τ)
=

∫
τ

v2(M) dM ≤

≤
∫
τ

(∫
τ

G(M,Q) dQ

)(∫
τ

G(M,P )ϕ2(P ) dP

)
dM ≤

≤
∫
τ

dP ϕ2(P )

∫
τ

dM G(M,P )

∫
τ

dQG(M,Q).

Îáîçíà÷àÿ ÷åðåç l ìàêñèìàëüíóþ èç äëèí ñòîðîí òðåóãîëüíèêà τ è

÷åðåç d � âûñîòó, ïðîâåäåííóþ â τ ê ñòîðîíå äëèíû l, è ó÷èòûâàÿ,

÷òî (
√
3/2)diam τ ≤ l ≤ diam τ , èìååì

||v||L2(τ) ≤ max
M∈B

∫
τ

G(M,P ) dP ≤ 1

2π

∫ d/2

−d/2

dx

∫ l/2

−l/2

dy ln
2R√
x2 + y2

≤

≤ d

π

∫ l/2

0

ln
2R

y
dy =

ld

2π
(ln

4R

l
+ 1) ≤ mes τ

π
ln

8Re√
3diam τ

.

Îòñþäà ïîëó÷àåì óòâåðæäåíèå òåîðåìû ñ ïîñòîÿííûìè c1 = c3c4/
√
π

è c2 = 8Re/
√
3 > diamΩ.

Ç à ì å ÷ à í è å 1.2. Åñëè ñóæåíèå ôóíêöèè χ ∈ W 1
2 íà

òðåóãîëüíèê τ ⊂ Ω̄ åñòü ïîëèíîì ñòåïåíè, íå ïðåâîñõîäÿùåé r, òî

óòâåðæäåíèÿ ëåììû 1.1 è òåîðåìû 1.2 ñîõðàíÿþò ñèëó ñ ïîñòîÿí-

íûìè c3 = c3(r), c = c(Ω, r), ïðè ýòîì äëÿ äîêàçàòåëüñòâà ëåììû

ìîæíî âîñïîëüçîâàòüñÿ <îáðàòíûìè> íåðàâåíñòâàìè [33, ñ. 142].
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�2. Ðàâíîìåðíàÿ ïî ìàëîìó ïàðàìåòðó

ñõîäèìîñòü ðàçíîñòíîé ñõåìû ñ öåí-

òðàëüíîé ðàçíîñòíîé ïðîèçâîäíîé äëÿ

îäíîé çàäà÷è â ïîëîñå

Â ýòîì ïàðàãðàôå äëÿ ñèíãóëÿðíî âîçìóùåííîãî ýëëèïòè÷å-

ñêîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà â ïîëîñå [0, 1]×(−∞,∞) ñ óñëî-

âèÿìè ïåðèîäè÷íîñòè ïî ïåðåìåííîé y èññëåäóåòñÿ ðàçíîñòíàÿ

ñõåìà ñ àïïðîêñèìàöèåé ïåðâîé ïðîèçâîäíîé öåíòðàëüíûì ðàç-

íîñòíûì îòíîøåíèåì. Ïîêàçàíî, ÷òî íà ñãóùàþùåéñÿ â ïîãðàíè÷-

íîì ñëîå êóñî÷íî-ðàâíîìåðíîé ñåòêå èññëåäóåìàÿ ñõåìà ñõîäèòñÿ

ðàâíîìåðíî ïî ìàëîìó ïàðàìåòðó â ñìûñëå ñåòî÷íîé íîðìû Lh
∞

ñî ñêîðîñòüþ O
(
(N−2 ln2N + N̄−2)

√
ln N̄

)
, ãäå N è N̄ � ÷èñëî

óçëîâ ïî íàïðàâëåíèÿì x è y ñîîòâåòñòâåííî.

Ðàññìîòðèì ïåðèîäè÷åñêóþ êðàåâóþ çàäà÷ó äëÿ ñèíãóëÿðíî

âîçìóùåííîãî ýëëèïòè÷åñêîãî óðàâíåíèÿ â ïîëîñå [0, 1]×(−∞,∞)

Lεu ≡ −ε
(
∂2u

∂x2
+
∂2u

∂y2

)
− ∂u

∂x
+ q(x, y)u = f(x, y),

x ∈ (0, 1), y ∈ (−∞,∞),

u(0, y) = µ1(y), u(1, y) = µ2(y), y ∈ (−∞,∞),

u(x, y + 1) = u(x, y), x ∈ [0, 1], y ∈ (−∞,∞),

(2.1)

ãäå êîýôôèöèåíò q(x, y) ≥ 0, ïðàâàÿ ÷àñòü f(x, y) è ãðàíè÷íûå

ôóíêöèè µ1(y), µ2(y) åñòü ôóíêöèè, ïåðèîäè÷åñêèå ïî ïåðåìåííîé
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y ñ ïåðèîäîì 1, à ε ∈ (0, 1] � ìàëûé ïàðàìåòð.

Èçâåñòíî [11], ÷òî ïðè ε → 0 ðåøåíèå çàäà÷è (2.1) ñõîäèòñÿ

ïðè 0 < x ≤ 1 ê ðåøåíèþ âûðîæäåííîé çàäà÷è

−∂v
∂x

+ q(x, y)v = f(x, y),

v(1, y) = µ2(y),

è ïðè ìàëûõ ε íåèñïîëüçîâàííîå ãðàíè÷íîå óñëîâèå ïðèâîäèò ê

îáðàçîâàíèþ â îêðåñòíîñòè x = 0 òàê íàçûâàåìîãî ýëëèïòè÷å-

ñêîãî ïîãðàíè÷íîãî ñëîÿ, ãäå ðåøåíèå u(x, y) áûñòðî ìåíÿåòñÿ ïî

ïåðåìåííîé x, à åãî ïðîèçâîäíûå ïî ýòîé ïåðåìåííîé íå ÿâëÿþòñÿ

îãðàíè÷åííûìè ðàâíîìåðíî ïî ε. Òàê, ïðè q(x, y) ≡ f(x, y) ≡ 0,

µ1(y) ≡ 1, µ2(y) ≡ 0 çàäà÷à (2.1) îáðàùàåòñÿ â êðàåâóþ çàäà÷ó äëÿ

îáûêíîâåííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ, ðåøåíèå êîòîðîé

u(x, y) =
exp(−x/ε)− exp(−1/ε)

1− exp(−1/ε)
.

Äëÿ îáûêíîâåííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ ñ îïåðàòî-

ðîì L̃ε, çàäàâàåìûì ñîîòíîøåíèåì

L̃εv ≡ −ε∂
2v

∂x2
− ∂v

∂x
+ qv, (2.2)

íà ñãóùàþùåéñÿ â ïîãðàíè÷íîì ñëîå êóñî÷íî-ðàâíîìåðíîé ñåòêå

Ω (1.1.7) óñòàíîâëåíà ðàâíîìåðíàÿ ïî ε ñõîäèìîñòü â ñìûñëå ñå-

òî÷íîé íîðìû Lh
∞ ðÿäà êëàññè÷åñêèõ ðàçíîñòíûõ ñõåì [37, 2, 18], â

òîì ÷èñëå ðàâíîìåðíàÿ ñõîäèìîñòü èçâåñòíîé òðåõòî÷å÷íîé ñõåìû

ñ àïïðîêñèìàöèåé ïåðâîé ïðîèçâîäíîé öåíòðàëüíûì ðàçíîñòíûì

îòíîøåíèåì (�1 ãëàâû 1). Äëÿ çàäà÷è â ïîëîñå (2.1) â [37] íà ñåòêå
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Ω (1.1.7) èññëåäîâàíà ðàçíîñòíàÿ ñõåìà ñ àïïðîêñèìàöèåé ïåðâîé

ïðîèçâîäíîé îäíîñòîðîííåé ðàçíîñòüþ è ïîêàçàíà åå ðàâíîìåðíàÿ

ïî ε ñõîäèìîñòü ñî ñêîðîñòüþ O(N−1 ln2N).

Íàñòîÿùèé ïàðàãðàô ïîñâÿùåí ñõåìå ñ öåíòðàëüíîé ðàçíîñò-

íîé ïðîèçâîäíîé äëÿ çàäà÷è â ïîëîñå (2.1).

Ââåäåì ðàâíîìåðíóþ ñåòêó ïî ïåðåìåííîé y

ω = { yj | yj = jh̄, j =, 0,±1,±2, . . . , h̄ = 1/N̄ } (2.3)

è ñåòêó â ïîëîñå [0, 1]× (−∞,∞)

Ω× ω = { (xi, yj), i = 0, . . . , N, j = 0,±1,±2, . . . }, (2.4)

è îáîçíà÷èì, êàê îáû÷íî,

hi = xi − xi−1, h̄i =
hi + hi+1

2
,

vx̄,i =
vi − vi−1

hi
, vx̂,i =

vi+1 − vi
h̄i

, v◦
x,i

=
vi+1 − vi−1

2h̄i
;

vȳ,j =
vj − vj−1

h̄
, vy,j =

vj+1 − vj
h̄

.

Äëÿ ñåòî÷íûõ ôóíêöèé, îïðåäåëåííûõ íà Ω, ââåäåì íîðìû

||v||Lh
∞(Ω) = max

i
|vi|,

||v||Lh
1 (Ω)

=
N−1∑
i=1

|vi|h̄i.

Äëÿ ñåòî÷íûõ ôóíêöèé, îïðåäåëåííûõ íà Ω×ω, ââåäåì ñêàëÿðíûå

ïðîèçâåäåíèÿ

(u, v) =
N−1∑
i=1

N̄∑
j=1

uijvijh̄ih̄, (2.5)
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(u, v] =
N∑
i=1

N̄∑
j=1

uijvijhih̄,

è íîðìû

||v|| =
√

(v, v), ||v]| =
√

(v, v], ||v||Lh
∞(Ω×ω) = max

i,j
|vij|.

Íà ñåòêå Ω × ω ðàññìîòðèì ðàçíîñòíóþ ñõåìó ñ öåíòðàëüíîé

ðàçíîñòüþ(
Lh
εu

h
)
ij
≡
[
−ε
(
uhx̄x̂ + uhȳy

)
− uh◦

x
+ qhuh

]
ij
= fhij,

i = 1, . . . , N − 1, j = 0,±1,±2, . . . ,

uh0j = µ1(yj), uhNj = µ2(yj), j = 0,±1,±2, . . . ,

uhi,j+N̄ = uhij, i = 0, . . . , N, j = 0,±1,±2 . . . ,

(2.6)

ãäå

qhij = q(xi, yj), fhij = f(xi, yj). (2.7)

Çàìåòèì, ÷òî åñëè ñåòêà ðàâíîìåðíàÿ, òî íà ãëàäêèõ ðåøåíèÿõ

ýòà ñõåìà èìååò ïîãðåøíîñòü àïïðîêñèìàöèè O(h2 + εh̄2).

Îñíîâíûì ðåçóëüòàòîì ïàðàãðàôà ÿâëÿåòñÿ äîêàçûâàåìàÿ â

ðàçäåëå 2.2

Ò å î ð å ì à 2.1. Ïóñòü u(x, y) � ðåøåíèå çàäà÷è (2.1) ñ äî-

ñòàòî÷íî ãëàäêèìè êîýôôèöèåíòîì q(x, y), ïðàâîé ÷àñòüþ è

ãðàíè÷íûìè óñëîâèÿìè, à uhij � ðåøåíèå çàäà÷è (2.6),(2.7) íà

ñåòêå Ω× ω (1.1.7),(2.3),(2.4), ïàðàìåòð C êîòîðîé óäîâëåòâî-

ðÿåò óñëîâèþ

C > 2. (2.8)
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Òîãäà

||uhij − u(xi, yj)||Lh
∞(Ω×ω)

= O
(
(N−2 ln2N + N̄−2)

√
ln N̄

)
ðàâíîìåðíî ïî ε.

2.1. Àïðèîðíûå îöåíêè

Â �1 ãëàâû 1 ðàññìàòðèâàëàñü ñõåìà ñ öåíòðàëüíîé ðàçíîñòüþ

äëÿ îáûêíîâåííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ ñ îïåðàòîðîì

L̃ε (2.2) è äîêàçàíà òåîðåìà 1.1.3, êîòîðóþ â îáîçíà÷åíèÿõ íàñòîÿ-

ùåãî ïàðàãðàôà ìîæíî ïåðåôîðìóëèðîâàòü ñëåäóþùèì îáðàçîì

Ò å î ð å ì à 1.1.3′. Ïóñòü íà ñåòêå Ω (1.1.7)(
L̃h
εv
)
i
≡
(
−εvx̄x̂ − v◦

x + qhv
)
i
= fi, i = 1, . . . , N − 1,

v0 = vN = 0.
(2.9)

Òîãäà

||v||Lh
∞(Ω) ≤ c||f ||Lh

1 (Ω)
,

ãäå c � íåêîòîðàÿ ïîñòîÿííàÿ2.

Â íàñòîÿùåì ðàçäåëå ðàññìàòðèâàåòñÿ ñõåìà (2.6),(2.7) ñ íóëå-

âûìè ãðàíè÷íûìè óñëîâèÿìè è óñòàíàâëèâàåòñÿ

Ò å î ð å ì à 2.2. Ïóñòü Uij � ðåøåíèå çàäà÷è(
Lh
εU
)
ij
= fij, i = 1, . . . , N − 1, j = 0,±1,±2, . . . ,

U0j = UNj = 0, j = 0,±1,±2, . . . ,

Ui,j+N̄ = Uij, i = 0, . . . , N, j = 0,±1,±2, . . . ,

(2.10)

2Çäåñü è íèæå â ýòîì ïàðàãðàôå îäíîé è òîé æå áóêâîé c îáîçíà÷àþòñÿ ðàçëè÷íûå

ïîñòîÿííûå, íå çàâèñÿùèå îò ε, N è N̄ .
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ãäå fi,j+N̄ = fij. Òîãäà åñëè êîýôôèöèåíò q(x, y) îïåðàòîðà Lε

(2.1) äîñòàòî÷íî ãëàäêèé, òî

||U ||Lh
∞(Ω×ω) ≤ c

√
ln N̄ max

j

{
||fj||Lh

1 (Ω)
+ ||fȳ,j||Lh

1 (Ω)

}
, (2.11)

ãäå c � íåêîòîðàÿ ïîñòîÿííàÿ.

Äëÿ äîêàçàòåëüñòâà ýòîé òåîðåìû áóäåò ïîëåçíà äîêàçûâàåìàÿ

â �1 òåîðåìà 1.1, êîòîðàÿ â îáîçíà÷åíèÿõ íàñòîÿùåãî ïàðàãðàôà

ìîæåò áûòü ïåðåôîðìóëèðîâàíà ñëåäóþùèì îáðàçîì

Ò å î ð å ì à 1.1′. Äëÿ ëþáîé ôóíêöèè wij, çàäàííîé íà ñåò-

êå Ω× ω è îáðàùàþùåéñÿ â íóëü ïðè i = 0 è i = N ,

||w||Lh
∞(Ω×ω) ≤ c

√
ln N̄ (||wx̄]|+ ||wȳ||) ,

ãäå c � íåêîòîðàÿ ïîñòîÿííàÿ, íå çàâèñÿùàÿ îò ε, N , N̄ è w.

Ä î ê à ç à ò å ë ü ñ ò â î ò å î ð å ì û 2.2. Ðåøåíèå (2.10)

ïðåäñòàâèìî â âèäå

U = v + w,

ãäå v è w � ðåøåíèÿ ñëåäóþùèõ ðàçíîñòíûõ çàäà÷(
L̃h
εv
)
ij
=
(
−εvx̄x̂ − v◦

x + qhv
)
ij
= fij, i = 1, . . . , N − 1,

v0j = vNj = 0;

(2.12)(
Lh
εw
)
ij
=
[
−ε(wx̄x̂ + wȳy)− w◦

x + qhw
]
ij
= εvȳy,ij,

i = 1, . . . , N − 1, j = 0,±1,±2, . . . ,

w0j = wNj = 0, j = 0,±1,±2, . . . ,

wi,j+N̄ = wij, i = 0, . . . , N, j = 0,±1,±2, . . . .

(2.13)
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Óìíîæàÿ ðàçíîñòíîå óðàâíåíèå (2.13) â ñìûñëå ñêàëÿðíîãî

ïðîèçâåäåíèÿ (2.5) íà w è ó÷èòûâàÿ, ÷òî (w,w◦
x) = 0, ïîëó÷àåì

||wx̄]|2 + ||wȳ||2 +
1

ε
(qhw,w) = −(vȳ, wȳ),

è ñëåäîâàòåëüíî

||wx̄]|+ ||wȳ|| ≤ c||vȳ||.

Îòñþäà â ñèëó òåîðåìû 1.1′

||U ||Lh
∞(Ω×ω) ≤ ||v||Lh

∞(Ω×ω) + c
√

ln N̄ ||vȳ||Lh
∞(Ω×ω).

Çàìå÷àÿ, ÷òî v � ðåøåíèå çàäà÷è (2.12) è vȳ � ðåøåíèå çàäà÷è(
L̃h
ε (vȳ)

)
ij
= fȳ,ij − qhȳ,ijvi−1,j, i = 1, . . . , N − 1,

vȳ,0j = vȳ,Nj = 0

� îöåíèâàþòñÿ ïî òåîðåìå 1.1.3′ êàê

||v||Lh
∞(Ω×ω) ≤ cmax

j
||fj||Lh

1 (Ω)
,

||vȳ||Lh
∞(Ω×ω) ≤ c

(
||v||Lh

∞(Ω×ω) +max
j

||fȳ,j||Lh
1 (Ω)

)
,

ïîëó÷àåì óòâåðæäåíèå òåîðåìû.

2.2. Àïïðîêñèìàöèÿ è ñõîäèìîñòü

Ä î ê à ç à ò å ë ü ñ ò â î ò å î ð å ì û 2.1.

Ïóñòü zij ≡ uhij − u(xi, yj) � ïîãðåøíîñòü ðåøåíèÿ. Òîãäà(
Lh
εz
)
ij
= Ψij, i = 1, . . . , N − 1, j = 0,±1,±2, . . . ,

z0j = zNj = 0, j = 0,±1,±2, . . . ,

zi,j+N̄ = zij, i = 0, . . . , N, j = 0,±1,±2, . . . ,

(2.14)
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ãäå

Ψij ≡ fhij − Lh
ε (u(xi, yj))

� ïîãðåøíîñòü àïïðîêñèìàöèè ñõåìû (2.6),(2.7), ïðè÷åì Ψi,j+N̄ =

Ψij, è äëÿ çàäà÷è (2.14) ñïðàâåäëèâà àïðèîðíàÿ îöåíêà (2.11):

||z||Lh
∞(Ω×ω) ≤ c

√
ln N̄ max

j

{
||Ψj||Lh

1 (Ω)
+ ||Ψȳ,j||Lh

1 (Ω)

}
. (2.15)

×òîáû îöåíèòü ïðàâóþ ÷àñòü, âîñïîëüçóåìñÿ ïðåäñòàâëåíèåì

ðåøåíèÿ çàäà÷è (2.1) â âèäå [37, ñ. 196]

u(x, y) = U(x, y) + V (x, y),

ãäå ∣∣∣∣ ∂k+l

∂kx ∂ly
U

∣∣∣∣ ≤ c,

∣∣∣∣ ∂k+l

∂kx ∂ly
V

∣∣∣∣ ≤ cε−k exp
(
−αx

ε

)
,

k = 0, . . . , 4, l = 0, . . . , 5,

α < 1 � ïðîèçâîëüíàÿ ïîñòîÿííàÿ, ïðè÷åì

LεV = 0. (2.16)

Çàìåòèì, ÷òî Ψij = Ψi(yj), ãäå Ψi(y) � ôóíêöèè äèñêðåòíîãî

àðãóìåíòà xi è íåïðåðûâíîãî àðãóìåíòà y:

Ψi(y) ≡ −
[
L̃h
ε (u(xi, y))− L̃εu(xi, y)

]
+

+ ε

[
u(xi, y + h̄)− 2u(xi, y) + u(xi, y − h̄)

h̄2
− ∂2u

∂y2
(xi, y)

]
.

Òîãäà ïî òåîðåìå Ëàãðàíæà

Ψȳ,ij =
∂

∂y
Ψi (ỹj(xi)) ,
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è

|Ψij|+ |Ψȳ,ij| ≤ max
y

{
|Ψi(y)|+

∣∣∣∣ ∂∂yΨi(y)

∣∣∣∣} ≤ ψi + ψ̄i +O(εN̄−2),

ãäå

ψi ≡ max
y

{∣∣∣L̃h
ε (U(xi, y))− L̃εU(xi, y)

∣∣∣+
+

∣∣∣∣L̃h
ε

(
∂U

∂y
(xi, y)

)
−
(
L̃ε
∂U

∂y

)
(xi, y)

∣∣∣∣},
ψ̄i ≡ max

y

{∣∣∣L̃h
ε (V (xi, y))− L̃εV (xi, y)

∣∣∣+
+

∣∣∣∣L̃h
ε

(
∂V

∂y
(xi, y)

)
−
(
L̃ε
∂V

∂y

)
(xi, y)

∣∣∣∣}, (2.17)

ïðè÷åì â ñèëó (2.16)

ψ̄i = max
y

{∣∣∣∣L̃h
ε (V (xi, y))− ε

∂2V

∂y2
(xi, y)

∣∣∣∣+
+

∣∣∣∣L̃h
ε

(
∂V

∂y
(xi, y)

)
− ε

∂3V

∂y3
(xi, y) +

(
∂q

∂y
V

)
(xi, y)

∣∣∣∣}. (2.18)

Ëåãêî âèäåòü, ÷òî

ψi =

{
O
(
N−2

)
, i ̸= n,

O
(
N−1

)
, i = n,

è ñëåäîâàòåëüíî

||ψ||Lh
1 (Ω)

= O
(
N−2

)
.

Äàëåå íàøè ðàññóæäåíèÿ â óïðîùåííîì âèäå ïîâòîðÿþò ðàññóæ-

äåíèÿ, èñïîëüçîâàííûå â [2] ïðè äîêàçàòåëüñòâå òåîðåìû 4. Çàìå-

÷àÿ, ÷òî èç ïðåäñòàâëåíèé ψ̄i (2.17) è (2.18) âûòåêàåò

ψ̄ ≤ c


h2i
ε3

exp
(
−αxi−1

ε

)
, i = 1, . . . , n− 1, n+ 2, . . . , N − 1,

H

h2 + ε2
exp

(
−αxi−1

ε

)
, i = n, n+ 1,
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â ñèëó óñëîâèÿ (2.8) èìååì

||ψ̄||Lh
1 (Ω)

= O
(
N−2 ln2N

)
,

è ñëåäîâàòåëüíî

max
j

{
||Ψj||Lh

1 (Ω)
+ ||Ψȳ,j||Lh

1 (Ω)

}
= O

(
N−2 ln2N

)
ðàâíîìåðíî ïî ε.

Ïîäñòàâëÿÿ ýòó îöåíêó â (2.15), ïîëó÷àåì óòâåðæäåíèå òåîðå-

ìû.
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